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Abstract

Attention has been focused on building argumentation based XAI which reinforces mutual
explainability. Nevertheless, there are not many researches that explore the cognitive compatibility
in HMI through the user perspective. Therefore, the aim of the study was to investigate some
effects of argumentation on cognitive aspects such as decision making, problem solving and
cognitive load in a XAl context, namely, Machine Coaching. By using a 9° factorial design
(N=258), we saw that example based explanations mostly affect the confidence level of
participants while prototype based, influence the behavior of participants. A pattern of people with
high level of expertise preference of Near miss and people with lower level of expertise preference
of Far miss, was visible as well and needs further investigation. Argumentation promotes not only
consistency of cognitive behavior but also, higher performance. In general, our findings suggest:
1) integration of psychometrics such as trust, comprehension and persuasiveness combined with
self-report tools, 2) personalized XAl which distinguishes users based on cognitive skills and
background knowledge, 3) examination of Cognitive load while using EEG, and 4) further

empirical studies on this matter.

Key words: argumentation, cognitive compatibility, XAI, Machine coaching, mutual

explainability



Iepiinyn

H mpocoyn éxet emikevipwbel otnv 01kodounon eEnynotung texvnTig vonuosvuvng, Paciouévng o
EMYEPNUATO, 1 omoia evioyvel v oAAnAemidpaon kot v apoloio Katavonorn pHetald
avOpomov kot unyavav. Tlap’olo avtd, dev LIAPYOVY TOAAEG EUTEIPIKEG UEAETEG TTOL V.
JLEPELVOVV TN YVOGTIKY GUUPATOTNTO GTO TOUEN SIETAPNG OVOPDTOV-UNY VIS, VTTO TO TPIGLLOL TOV
xpNot. Emopévmg, o otd)0g TG GUYKEKPEVNG EPELVOC NTOV VO EEEPEVVIOEL TIG EMOPACELS EVOG
EMYEPNUATOAOYIKOD TAOLGI0V, OTtwg ekeivov Tov Machine Coaching, g yvmotikég Aettovpyiec,
Om®G M ANyM amoPdcemv, N ETiALoN TPOPANUATOV Kol TO YVOOTIKO QOPTio. XP1CLUOTOIDVTOG
évav 9° mapayovtikd oyedlacud (N=258), mapatnpricape, 6Tt ol ensénynoelc mov Paciloviar oe
nopadelypata  emmpedlovv Kuplwg TO EMIMESO EUMIGTOGUVIG TMV  GUUUETEXOVI®OV EVO
emyEPNUATO Pacicpéva o €va TPMOTOTLTO TOPASELYHA, EMNPEALOVV TN GULUTEPLPOPH TWV
ovppeteyxoviov. Eidoape akdun, éva potifo mpotipnone atopmv pe vynAd eninedo eEeldikevonc,
oe Near miss avtimopadetypoto kot éva potifo mpotiumong atdpmv pe youniotepo eminedo
eumelpoyvopoohvng, oe Far miss avtimapadsiypota, to omoio ypnlet mepartépw diepevvnong. H
EMYEPNUATOAOYIOL  GLUTEPUACUATIKA, TPOAyeL Oyt LOVO TN YVOGOTIKY) CUVETEWD OAAG Kol TNV
VYNAGTEPN EMIOOOT. X YEVIKEG YPOUUES, TO. vpnuatd poag mpoteivouv: 1) evooudtoon kot
CLYYMVEVCT] YUYOUETPIKAOV EPYOLEIDMV OTMG 1) EUTIGTOGVLVN, 1] KATAVONGCT KOt 1] TEIGTIKOTNTO GE
oLUVOLOCUO HE UETPNCEIS QLTOOVAPOPAS, 2) eEaTopikevpévn ypnor eEnynoung TexvnTng
VONUOGUVNG OV TPOGAPUOLETAL OTIS YVOOTIKEG 0e&10TNTEC KOl 6TO0 BepnTikd vOPabpo kdbe
YPNOTN, 3) LETPNON TOV YVOGTIKOD (OPTIOL KaTd TN ¥prion nAektpoeykeparoypapnuotoc (HET)

Ko, 4) TEPALTEP® EUTEIPIKEG EPEVVEG TTAV® GTO BENA QVTO.

AéEelc KAedd: emyepnuotorloyio, yvootikny cvupatotnra, e€nynoiun TeXVNT VONUooLVY,
Mochine Coaching
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Chapter 1
Introduction

Artificial intelligence (AI) includes a widespread spectrum of application such as science,
healthcare, finance industry, travel and transportation, social media, e- commerce and marketing.
The advances in Machine learning (ML) algorithms such as Deep neural networks (DNNs [Deep
learning]) or Cognitive Architectures in combination with model based Reinforcement Learning
(RL) or free model based systems, have reached scores equivalent to or higher than humans in
many domains and tasks (Lake, Ullman, Tenenbaum & Gershman, 2016; Vernon, Metta &
Sandini, 2007). However, such Al systems not only need an extended training period of time to
achieve these scores but, they are also domain/task specific, that is, they are not able to apply their
skills in different areas or tasks other than those trained (Lake, Ullman, Tenenbaum & Gershman,

2016).

More specifically, they have been developed ML models that can be assigned to the following
categories: Simple models vs complex models, model specific vs model agnostic and models with
local vs global interpretability (Adadi & Berrada, 2018). Simple models such as decisions rules or
linear regression are based on post hoc methods that promote local explainability/interpretability,
that is, they can explain their decisions (Zhong & Negre, 2021; Adadi & Berrada, 2018). On the
other side, complex models such as DNNs or latent factor models, are designed to stimulate
accuracy (Adadi & Berrada, 2018). The level of interpretability of a model varies inversely with
the accuracy. Model agnostic approaches can be used with any ML model while model specific
are selective (Adadi & Berrada, 2018). Local interpretability indicates transparency on specific
behaviors of the machine, contrast to global interpretability that can reveal how a ML algorithm

work to make predictions (Adadi & Berrada, 2018; Zhong & Negre, 2021).

Furthermore, Al simulating the perceptual system of humans, created systems, namely, Cognitive

Architectures that can be divided to cognitivist, emergent and hybrid. Cognitivist architectures are
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based on symbolic knowledge representation and manipulation. This means that these systems are
able to interpret the external world through manipulation of rules (high level human readable
reasoning) but some basic knowledge is incorporated to the system a priori and thus, it is affected
by the point of view of the designer (Vernon, Metta & Sandini, 2007; Langley, Laird & Rogers,
2009). Emergent systems form representations of the world through their interaction with it. For
this reason, it is unclear how they manage their knowledge acquisition, as this mechanism is treated
as a “black box”, by learning labels instead of statements and thus, it cannot explain the reason
behind its decisions-actions (Vernon, Metta & Sandini, 2007; Langley, Laird & Rogers, 2009).
Last but not least, Hybrid architectures integrate the essential advantages of the two previous
architectures, that is, the transparent symbolic representations and the interactive flexibility

(Vernon, Metta & Sandini, 2007; Langley, Laird & Rogers, 2009).

Overall, ML algorithms try to counterbalance statistical security with explainability with post hoc
methods, while Cognitive Architectures try to align explainability with embodied adaptation.
However, according to Lake, Ullman, Tenenbaum & Gershman (2016) ML strategies need to
incorporate and merge important aspects such as intuitive physics, intuitive psychology,
compositionality, causality and model based RL. In the same manner, as stated by Vernon, Metta
& Sandini, 2007 and Langley, Laird & Rogers (2009), the evaluation criteria of a Cognitive
Architecture should demand principles such as embodiment, perception, action, anticipation,
adaptation, autonomy and motivation, in a balanced ratio. In other words, the main purpose of the

Al is to achieve human-like capabilities in order to support humans in a cooperative manner.

Consequently, transparency, or to rephrase it, the explainable Al (XAI), is the spotlight of the
research on the Al field (Adadi & Berrada, 2018). Even though there are domains that do not need
transparency (Burkart & Huber, 2021; Doshi-Velez & Kim, 2018), the necessity of XAl is
highlighted by the scientific community, in order to establish trust and efficiency in human-
machine interactions (HMI), especially in sensitive zones such as science, healthcare, law
etcetera... As mentioned by Lake, Ullman, Tenenbaum & Gershman (2016), XAI should “build
causal models of the world that support explanation and understanding, rather than merely solving

pattern recognition problems”.

Concretely, explainability is important to maintain safety (Doshi-Velez & Kim, 2018), increase

task-performance (Doshi-Velez & Kim, 2018), avoid technical depth (Doshi-Velez & Kim, 2018),



build trust (Zhong & Negre, 2021; Burkart & Huber, 2021), reveal causality (Burkart & Huber,
2021; Zhong & Negre, 2021), facilitate transferability (Zhong & Negre, 2021; Burkart & Huber,
2021), advance informativeness (Burkart & Huber, 2021; Zhong & Negre, 2021), develop fair and
ethical decision making or, in other words, nondiscrimination (Doshi-Velez & Kim, 2018; Zhong
& Negre, 2021; Burkart & Huber, 2021), enrich confidence (Zhong & Negre, 2021), offer

accessibility, interactivity and privacy awareness (Zhong & Negre, 2021).
1.1 Machine Coaching

It has to be pointed out that interpretability does not presuppose fairness and reliability (Doshi-
Velez & Kim, 2018). Generally speaking, XAl tools are susceptible to biases (Alikhademi,
Richardson, Drobina & Gilbert, 2021; John-Mathews, 2021; Guidotti, 2020). Therefore, Al
explanations should not only be immune to algorithmic biases but also be able to help humans
eliminate their own (Guidotti, 2020). It’s possible that a dialectical HMI could positively
contribute to this mutual disadvantage. For this reason, some researchers have been focused on
mutual explainability (Michael, 2019, 2020a, n.d.; Bruckert, Finzel & Schmid, 2020; Schmid &
Finzel, 2020).

To be more specific, Bruckert, Finzel & Schmid (2020) indicate the necessity of interactivity and
interpretability in ML algorithms by providing a framework which can be applied to many
domains. Their approach is dialogue based consisting of Mutual Explanations (ME) that allows
users to be included in the machine’s cognitive knowledge acquisition. Likewise, Michael (2019,
2020a, n.d.) introduces Machine Coaching that can be distinguished from Supervised Learning
(SL) and Machine Programming which are on the other end of the spectrum. In Machine Coaching,
the machine is able to detect and revise either the rules of a hypothesis theory or the hypothesis

itself through a dialectical-online communication.

The main differences between Machine Coaching and other XAI approaches, is that Machine
Coaching is based on eXplanation In, eXplanation Out (XIXO) principle which at the same time
retains ML features such as induction, generalization, statistical security, that is to say, Probably
Approximately Correct framework (PAC) and thus, guarantees the quality of the explanations that
machines can learn to produce. Moreover, this approach is built on the interactive learning through

formal argumentation which is represented with symbolic-rube based knowledge that takes the
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form of statements instead of labels. For instance, a combination of variables can construct a rule

and by extension a set of rules can build a statement or hypothesis.

Hence, we can say that argumentation can be considered as the link between ML and XAI
(Vassiliades, Bassiliades & Patkos, 2021). It is undoubtedly obvious that we might be entering to
a new Al era, where HMI will be unfolded through cooperation, function allocation and joint
decision making. This is feasible only by establishing the mutual explainability (Tung & Chan,
2009). It seems that bilateral explainability can create a shared or balanced cognitive burden among
the two agents, as well. Particularly, as explained by Michael (2019, 2020a, n.d.) in Machine
Coaching, XIXO facilitates cognitive compatibility, that is, reduced cognitive load for humans and

reduced algorithmic burden for the machines because of this dialectical cooperation.

Nevertheless, as it has already been mentioned, systems that utilize symbolic knowledge
representations, are affected by the viewpoint of the designers. Similarly, in Machine Coaching,
machines’ knowledge base is molded by their coach, that is, their user. According to Michael
(2019, 2020a, 2020b, n.d.), this factuality arises some ethical issues. Briefly, if the users are biased
for whatever reason, they will condition the machine to conform to their beliefs. For this reason,
he queries whether challenging the beliefs of a user or imposing explanations for these beliefs

could help users rearrange their thinking instead of reinforce their limiting beliefs.

In Machine Ethics through Machine Coaching, Michael (2020b), explains the context under which
the Machine Coaching could taking place. In sum, the machine’s cognitive functionality can be
linked to that of a human-personal assistant or that of a child. In both situations, we care about the
intentions of a behavior (reasons behind an action), the training period is happening in real-life
situations, we correct by giving explanations and we make sense of the world trying to be objective
through exchanging of opinions. Although, this mechanism is cooperative, the final responsibility

either for the decision or the “character” of the machine is being assigned to the “coach”.

Despite the fact that Machine Coaching aims to promote the bilateral understanding in HMI, their
investigations analyze more the machine’s perspective of comprehension (Michael, 2019).
Identically, Miller, Howe & Sonenberg (2017) and Ehsan et al. (2021) indicate that Al
programmers and researchers design XAl models which are mostly focused to technology rather
than the actual cognitive needs of the users. There is a plethora of investigation of XAl through

qualitatively analyses and especially from the expert-designer-engineer perspective (Bodria etal.,
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2021; Galhotra, Pradhan & Salimi, 2021; Rehse, Mehdiyev & Fettke, 2019; Chazette, Brunotte &
Speith, 2021; Liao, Gruen & Miller, 2020, Lampridis, Guidotti & Ruggieri, 2020; Adhikari, Tax,
Satta & Faeth, 2019; Guidotti, et al., 2019; Ribeiro, Singh & Guestrin, 2016).

1.2 Related work

All things considered, the contribution of social sciences such as philosophy, psychology and
cognitive science will be inevitable for designing adaptive and interactive cognitive systems
(Miller, Howe & Sonenberg, 2017; Abdul, Vermeulen, Wang, Lim & Kankanhalli, 2018;
Vultureanu-Albisi & Badica, 2022), since we need more empirical studies based on user’s
measurement of interpretability (Vassiliades, Bassiliades & Patkos, 2021b; Michael, 2019, 2020a).
Along those lines, Teso & Kersting (2019) proposed an explanatory interactive learning
framework by using a model-agnostic approach called CAIPI and observed that the level of trust
on machines was higher if subjects were provided with explanations. They also saw, that
machine’s performance increased as a result of receiving counter-arguments as a feedback.
Similarly, Herlocker, Konstan & Riedl (2000) and Dzindolet, Peterson, Pomranky, Pierce & Beck
(2003) as referred to Ribeiro, Singh & Guestrin (2016), showed that providing explanations can

boost acceptance.

But what kind of explanations have been developed along XAl lines? We will be referred to the
types of ML reasoning (MR) that have been tested on users, as our aim is to examine human’s
perspective. Nevertheless, we will first present a basic structure of XAl explanations that seem to
cover the most research approaches. As seen by Cyras et al. (2020), a Human-Centric explanation
proposal in Al could be as follows: Categorization of MR as attributive (minimal set of rules and
facts), contrastive (minimal modification of the given information) and actionable (minimal
change of goals or resources). The categorization is based on the questions that the explanations
are aimed to answer, that is, what, why, what not, what if, when and how, respectively.
Nonetheless, according to their views, attributive explanations can work as functional parts of a

contrastive explanation while contrastive explanations can lead to actionable decisions.

Attributive or Feature based explanations could be summarized by Example based explanations

and this could be the reason of the findings of Adhikari, Tax, Satta & Faeth (2019), where Feature
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based explanations (creation summaries of features that describe an instance belonging to a
concept) had no effect while Example-based explanations (selection of instances belonging to a
concept) performed better, supporting subjects on decision making processes. The combined effect
of both, has no significance. Concerning contrastive explanations, Shulner-Tal, Kuflik & Kliger
(2022), tested how different styles of explanations are being perceived from non-experts regarding
fairness and understanding level. Sensitivity-based explanations, that is, how various changes in
the values of input characteristics will modify the result, increase the understanding level of
participants. On the other side, certification-based, that is, if the system is verified as a fair system,
increase the trust level of participants. Here, the researchers use the term Sensitivity-based
explanations to show how some variables could change in order to give the desired results and

thus, this could be equated with a contrastive explanation.

A lot of researchers such as, Ramon, Martens, Provost & Evgeniou (2020) and Schmid & Finzel
(2020) have been focused on contrastive explanations. Contrastive explanations and counter-
arguments are being used interchangeably and for this reason, Karimi, Scholkopf & Valera (2020,
2021) suggest to use the term contrastive instead of counter-arguments. They also say that the
research should be directed on explanations which are based on recourse actions (minimal
consequential recommendations) instead of counterfactual examples (nearest contrastive
explanations) that result from those actions. In contrast to this view, Wachter, Mittelstadt & Russell
(2017) claim that counterfactuals should be preferred as an algorithmic form of providing
explanations to users. This is because the abovementioned types provide reasons of why an
outcome has occurred by offering a satisfied insight of how you can reach the desired result and

without revealing their internal algorithmic mechanism.

Regarding this technique of reasoning presentation, Winston (1970) as referred to Rabold, Siebers
& Schmid (2021) showed that presenting Near Miss examples (negative example that differ
minimally from a given positive example) in relational domains, leads to faster ML. This efficacy
can be applied on explaining a learned model as well (Rabold, Siebers & Schmid, 2021). With an
empirical study, Kobayashi (2019) found that the simultaneous presentation of contradictive
scientific and social consensus information on the safety of genetically modified foods affected
the subjects’ beliefs compared to the presentation of each of the information, separately. This

might be explained due to the fact that individuals had the opportunity to compare these two
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contrastive versions and not due to the nature of the information provider as the paper is being

claimed.

Rabold, Siebers & Schmid (2021) also used contrastive explanations. Specifically, they conducted
an empirical study using Rule based (if-then statements, global explanation of the concept that the
specific instance belongs to), Example based, Near and Far Miss explanations (negative example
with high or low degree of structural similarity to specific instance, respectively), combined and
separately, for an abstract relational family domain and a visual relational arches domain. Subjects
had to evaluate the usefulness of the explanations. In the abstract domain, Rule based explanations
were preferred while in the paired version, Rule-Example based explanations were preferred. In
the visual domain, Examples were preferred while in the paired exposure, Example-Nearest were
most preferred. Some differences in the results could be due to the character of the explanation,

that is, if they were presented as a natural language structure or as a visual illustration.

Another study of Hase & Bansal (2020) tested users’ understandability of machine’s functionality
and they found that Local Interpretable Model-agnostic Explanation (LIME) for tabular data and
Prototype method (selection of representative instances of a concept or category) in counterfactual
tests, helps subjects more to predict machine’s algorithmic behavior. Lastly, Ferrario & Loi (2020)
and Verma, Dickerson & Hines (2020) suggested ways to adapt counterfactual explanations in
real-life situations. However, Slack, Hilgard, Lakkaraju & Singh (2021) and Rosenfeld (2021)
propose some metrics that should be considered for evaluating XAl explanations before being

tested by users, in order to avoid confirmation biases.

These metrics suggest to compare the performance of the transparent model with the performance
of a “black box” model, to simplify the model by using less features and rules and, find stable
features by adding noise to avoid overfitting which reduces the model’s flexibility. On the other
side, the quality of an explanation depends not only on relevance but also on persuasiveness and
comprehension that provides (Burkart & Huber, 2021). For this reason, we should avoid to use
one-size fits all approach, since different questions, target-groups and contexts demand different
kind of explanations (Mothilal, Sharma & Tan, 2021; Amann, et al., 2022; Burkart & Huber, 2021;
Schelenz, Segal & Gal, 2020).

Personalization that depends on different cognitive styles of people, could also be a relevant option

in the future, for example if a person prefers an explanation to be presented visually or in a text.
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There are a lot of researches concerning this matter, namely, adaptive and interactive systems
which deal with the cognitive compatibility between humans and machines (Angeli, Valanides &
Kirschner, 2009; Ugwitz et al., 2019; Belk, Germanakos, Constantinides & Samaras, 2015; Belk,
Fidas, Germanakos & Samaras, 2017; Chen & Liu, 2011; Katsini et al., 2018; Alves et al., 2020;
Herbig et al., 2020; Raptis, Fidas & Avouris, 2018).

1.3 Research aims and theoretical approaches

Putting it all together, we have summarily discussed the current XAl trends by examining both
algorithmic parameters and cognitive requirements. As we have seen, there is a lack of researching
people’s perspective in an argumentation context with XAI There are some surveys with
conflicting or different results due to different usage of explanations, stimuli and experimental
settings. The aim is neither to make people conform to the machine’s reasoning capacities nor for
the machines to comply to the multi-dimensional needs of humans, at least not yet, but to create
an argumentation environment that is cognitively and algorithmically compatible for both parts.
This being said, the purpose of the study is to investigate human’s cognitive functions in an
argumentative context with an Al system. This study will not use ML tools for the explanations as
it exclusively and explicitly intends to explore human’s cognitive needs, nevertheless the subjects

will be aware that they are interacting with a machine.

From our theory report, we selected three matters. We saw a research exploration of choosing the
best type of explanation for humans and that is our first topic of investigation. Then, we saw a new
approach called Machine Coaching which is based on XIXO principle. This is an interactive
approach which simulates, to the greatest extent, a real-case dialogue scenario between humans.
As Michael (2019, 2020a, 2020b, n.d.) has pointed out, Machine Coaching aims to counterbalance
both cognitive and algorithmic resources. Thus, our second topic is to measure cognitive load in a
Machine Coaching context. To proceed, we also saw that XAI Symbolic knowledge can be biased.
Particularly, Michael (2019, 2020a, 2020b, n.d.) said that we should test whether specific
argumentation conditions facilitate a constructive and progressing dialogue, or people tend to be
attached to their cognitive fallacies regardless the case. And so, our third point is to measure how

different dialogue conditions, such as those of Machine Coaching, affect problem solving.
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Before referring further to our experimental variables, we should present the theoretical
background in which we will base our hypotheses. We will start with mental categorization which
leads to human perception and attention and by extension to decisions, choices and problem
solving. So, a fundamental part of our perceptual system is the organization of the external
information. In order for the mind to interpret a complex formation, it needs to organize the
perceptual elements in a simpler structure (Arnheim, 1997). The perceptual coding through basic
general simple forms is ecumenical, from insects to primates and, it starts at a very young age
(Arnheim, 1974). This organization of knowledge is flexible and allows multi-dimensional
arrangements (I160oc & Owovopov, 2010; Arnheim, 1974). The Laws of Gestalts are some
grouping principles that affect our perceptual organization (Eysenck, 2006; Arnheim, 1974). These
laws are related to Proximity, Simplicity-Pragnaz, Similarity, Good continuation, Common fate,
Figure-ground, Symmetry/Order, Closure, Common region, Focal points, Parallelism and Past
experiences. Although, the level of dominance of each of these principles or the kind of similarity

that is preferred each time, it’s not quite clear yet (Arnheim, R, 1974).

Consequently, categories are the basic elements that structure our thinking (IT66o¢ & Owovépov,
2010). It has to be noted that, in categorization, an object equals to a cognitive experience and a
category is equivalent with a concept. The three most popular theories of cognitive categorization
are the classical view theory, the conceptual clustering and the prototype theory (Eysenck, 2006;
[T660o¢ & Owovopov, 2010). In the first theory, a category can be defined as a set of attributes
which are singly necessary and jointly sufficient and it is expressed in a form of
rule/definition/theory. For this reason, it can be related to Rule based ML explanations. In the
second theory, a category is defined as a set of examples which have attributes that are based on
rules and thus, it can be related to Example based ML explanations. Lastly, in the third theory,
according to Posner & Keele (1968) and Smith & Minda (2000) as referred to [1680g & Owovopov
(2010), a category is expressed through a prototype which equals the average of all the examples

of this category and therefore, it can be related to Prototype based ML explanation.

The memory of previous objects affects not only the codification of new information but also our
perception (Arnheim, 1974; Hogg & Vaughan, 2008). Stored information can guide attention in
an unconscious level and thus, former perceptual representations can lead to targeted attentional

behavior which leads to new perceptual information (Spitz et al., 2016; Noah & Mangun, 2019).
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Hence, categorization not only allows us to relate old experiences with new and but also to
perceptually operate in a higher level of creativity and mental abstraction (I166og & Oucovopov,
2010). The most categorization processes are automated and unconscious (Eysenck, 2006; T1660¢
& Owovopov, 2010). Shank & Abelson (1977) as referred to [166o¢ & Owovopov (2010) call
these perceptual organizations “schemata and scripts”. We tend to fill the gaps in our perception
with schemata that have been acquired through repetitive correlations of stimuli which are stored
in our memory (Hogg & Vaughan, 2008). For example, Tompkins, Woods & Aimola Davies,
(2016) showed that people can perceive a non-existing object due to their expectation. So, the

external information we receive is framed through a multiple number of assumptions.

In addition to this, as explained by Van de Cruys & Wagemans (2011), this process of
categorization and storing of information, facilitates learning. More specifically, our brain does
not register external stimuli through bottom-up processes, but it makes predictions based on top-
down calculations. Our sense organs transfer the signal to the brain and this signal is modified to
a conditioned mental representation which is aligned to the stored and activated data. Then, our
perception organize these external data as gestalts. If a gestalt is proved to be successful in the
past, is preferred because extensive sensory calculating is costly. Similarly, Cheng & Holyoak
(1985) as referred to I166oc & Owovopov (2010), supported that our perceptual system has
adopted “permission schemata” that were proved to be successful for resolving ordinary and
important situations in the past. Prediction errors that leads to learning happen when the activated

schema/gestalt receives negative feedback from the environment.

We can meet insights of this notion on investigations of the developmental psychology of children
as well (Piaget, 1928). Schemata is the basic element that structure children’s perception as their
behavior or choices cannot be orally explained. The child makes a right decision but without
conscious awareness. According to Chaplin, John & Goldberg (1988) as referred to Hogg &
Vaughan (2008) in the context of categorization, there are a lot of types of schemata which are
fuzzy sets centered on an archetype. The archetype could be the mean object/idea of a category or
an extreme member of a category. Therefore, categorization can produce stereotyping. Even
though the categorization is an ecumenical process, the interpretation of an idea or concept is not.
These differences on categorization processes can be explained through individual variations based

on cognitive functions, previous experiences and background knowledge (Eysenck, 2006; [1660g
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& Owovopov, 2010). In general the categorizations that are related to perceptual characteristics or
profound functions appear to be more similar among people than those which are related to

complex or abstract concepts (I166o¢ & Oucovopov, 2010).

Predictably, human’s reasoning could be biased because it is based on these scripts (Miller, 2019).
Reasoning can differ due to the same reasons, that is, prior knowledge, cognitive skills, expertise,
culture and age (Miller, 2019), while persuasive explanations are linked with cognitive functions,
user preferences and expertise (Burkart & Huber, 2021). More specifically, humans tend to create
mental models by quoting counter-examples to test assumptions which are not aligned with these
initial mental models (Eysenck, 2006; Miller, 2019). Categorization is based on these causal
calculations and a subset of the necessary causes is chosen for creating an explanation (Miller,
2019). People with limited working memory can only create one mental model, which is not
enough to examine these models through a lot of different perspectives (Eysenck, 2006). That is
why people tend to be better at evaluating the arguments of others than their own, especially when
trying to investigate the truth instead of attempting to win a debate (Mercier & Sperber, 2011;
Mercier, 2016). As Mercier (2016) has stated “Contexts in which argument production strongly
dominates over argument evaluation — that is, in the absence of dialog and of conflict between

views — often lead to epistemically and practically deleterious outcomes”.

Despite the fact that people are better at evaluation than production of explanations, they use the
same mental metrics on both of these processes. In a causal chaining people prefer generality
(Miller, 2019), simplicity (Miller, 2019), completeness (Miller, 2019), abnormality (Burkart &
Huber, 2021; Miller, Howe & Sonenberg, 2017; Miller, 2019), stereotypical examples (Miller,
2019), prioritization of features (Miller, 2019), proximal and controllable events (Miller, Howe &
Sonenberg, 2017). As we can see, people use similar laws for both perceptual categorization and
reasoning (see p. 18: Laws of Gestalt). To sum up, people search for the cause behind a fact
(Miller, Howe & Sonenberg, 2017), “they explain the cause of an event relative to some other
event that did not occur” and prefer contrastive and selective explanations, while probability and

truth are less important variables (Miller, 2019).

The way we organize our knowledge plays also a determinable role to the degree we will use this
knowledge to problem solving processes (I[160og & Owkovopov, 2010). Hence, as it has already

been mentioned, people make assumptions based on memory and not based on on-line processing
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(Hogg & Vaughan, 2008). Particularly, our cognitive system has developed strategies such as
heuristics and schemata that can produce rapid responses and can be applied regardless the quantity
of the available information (Eysenck, 2006; [1600¢ & Owovopov, 2010). An accurate prediction
contributes to homeostasis because a shorter reaction time can increase the ability of an individual
to survive (Van de Cruys & Wagemans, 2011). To the opposite, extensive cognitive processes are
useful, when the quantity of the available information is large but, they are time-consuming

(Eysenck, 2006).

Some of these strategies are the confirmation biases, the preference of using the symbols that are
already used in the formulation of a presented rule, the selection of the most believable case,
anchoring and adjustment (Hogg & Vaughan, 2008; [1680g & Owovopov, 2010). The believability
is affected by two variables, the availability and the representativeness (I166o¢ & Owkovépov,
2010). The former is referring to the convenience of retrieving examples (easy examples) and the
latter to the level of the typicality of the example (high level of modality). Along those lines, a lot
of researches have shown that people tend to choose the most credible choice rather than the most

probable (Kahneman & Tversky, 1973; Tversky & Kahneman, 1974; I1660o¢ & Owovopov, 2010).

In general, for ordinary problem solving tasks, people do not follow logical rules with the
exception of those who are scientific or mathematical trained (I166o¢ & Owovépov, 2010).
Humans cannot process data that are not provided with and therefore it’s difficult to base their
thinking on probabilities and percentages (Eysenck, 2006). Although according to Cosmides &
Tooby (1996) as referred to Eysenck (2006) we are better on judging frequencies compared to
probabilities. Some biased judgments can lead to severe impacts and thus, Frog et al. (1982) as
referred to Hogg & Vaughan (2008) proposed that these systematic false thinking errors can be

improved through official training on scientific and rational thinking with statistical techniques.

Kahneman & Fredrick (2002) and Kahneman (2003) as referred to Eysenck (2006) summarize
these cognitive processes with the Dual processing model. This model consists of two systems.
System type I is intuitive, automate and direct. The judgments which are based on this, are rapid,
automate, effortless, associative and implicit. Despite the fact that most of heuristics are being
produced through this filter, these strategies are not creative, that is, they are difficult to be adapted
to changes. System type I, is analytical, well controlled and being governed by rules. The

responses which are based on this system, are slow, serial, demanding, conscious and flexible. The
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same idea is supported by other researchers as well. Novick & Sherman (2003) as referred to
Eysenck (2006), stated that intuitive solutions are a result of parallel unconscious calculations
while not intuitive solutions are the outcome of conscious serial calculations (Novick & Sherman,
2003). Some other similar theoretical models are the Elaboration Likelihood Model of Petty &
Cacioppo (1986b) and the Heuristic-Systematic Model of information processing of Chaiken
which claim that the exportation of conclusions can be filter through a top-down or a bottom-up
procedure (Hogg & Vaughan, 2008). The former is based on schemata and the latter is relied on

the voluntary process of the direct external stimuli.

Some factors that affect the system which will be used are, the importance/necessity of the task,
the cognitive skills of the individual, the specialized knowledge, the time pressure and, the nature
of the task (multi-tasking or not) (Eysenck, 2006; [166o¢ & Owovopov, 2010). It has to be noted
that our ordinary decisions are mostly affected by emotions and motives. For example we are more
sensitive to potential loss than potential gains. To be more specific, emotion interacts with attention
and thus, modify perception (Stanley, Ferneyhough & Phelps, 2009). When attentional resources
are limited, attention is focused on emotional stimuli and if those are negative then attention is
harder to disengage. Emotion can alter all stages of perception, that is, encoding, storage and
retrieval. Apparently, if we are motivated to focus on a task, we use our central conscious
mechanisms, otherwise we activate our heuristics-simple rules of decision making (Hogg &

Vaughan, 2008).

Let’s see some conditions which can trigger the system type II. Van Stekelenburg, Schaap, Veling
& Buijzen (2021) found that communicating scientific consensus can be effective in eliciting
scientifically accurate beliefs, while Altay et al. (2022) discovered that people can update their
beliefs if they are exposed to good arguments and counter-arguments. Likewise, the consider-the-
opposite technique is proved to be effective for eliminating biases (Lee et al., 2016). Furthermore,
McGuire (1964) as referred to Hogg & Vaughan (2008), introduced the term “inoculation” where
people that have been exposed to a blunt counter-argument, can develop more efficient rebuttals

for subsequent stronger arguments.

On the other hand, let’s see conditions that can trigger the system type I. Sometimes, familiar
scenarios may be in fact different, nevertheless they activate heuristics and make people provide

incorrect answers. This is what happened in the study of Lee et al. (2016), where experts made the
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wrong decisions by using their heuristics while non-experts who did not have existing heuristics,
were more cautious and had better performance. Additionally, some theories such as the
Consistency and the Balance theory claim that people tend to maintain an internal balance by
constructing coping mechanisms in order to avoid inconsistencies in their cognitive and behavioral
attitudes (Hogg & Vaughan, 2008). Lastly, the theory of Brehm speaks about Reactance, which is
a motivational reaction of people feeling threatened because of their eliminating freedom. Cialdini
& Petty (1979) and Johnson (1994) as referred to Hogg & Vaughan (2008), add “warning-induced,
resistance arise” because people will resist if they aware that they will be the target of a persuasion

effort.

In short, we have talked about categorization processes which lead to schemata and heuristics, we
have seen that counter-arguments are preferred both in categorization and reasoning, we have
analyzed the perceptual processing systems and now we will analyze more how cognitive load
interferes with these systems. We have already mentioned that limited working memory prevents
people to counter-fact a lot of different scenarios at the same time. For this reason, debates help
people consider aspects that were previously invisible. In this manner, as explained by Eysenck
(2006), multi-tasking, that is the performance of two or more tasks simultaneously, is characterized
by a Psychological Refractory Period (PRP) which affects the performance on the secondary task.
The measurement of cognitive load usually consists of two tasks, that is, the primary and the

secondary task. We measure the performance on the second task.

According to Lavie, Beck & Konstantinou (2014) as referred to Noah & Mangun (2019), on low
cognitive load conditions, the perceptual processing is automatic. On high cognitive load
conditions, attention becomes more seclective and filters out irrelevant information. Thus,
cognitive-perceptual load determines the threshold for conscious perception of visual stimuli.
Moreover, Cohen, Alvarez & Nakayama (2011) say that under demanding tasks, inattentional
blindness can occur. For example, people cannot perceive existing objects by the prevention of the
interaction of the three stages of attention (Demacheva et al., 2012). Under this context, Park &
Briinken (2014) used the precision of the performance on a secondary task, as an indicator for
cognitive load: the higher the precision, the lower the cognitive load. These results provide
evidence that rhythm precision allows for a precise and continuous measurement of cognitive load

during learning environments.
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As interpreted by Eysenck (2006), practicing improves the multi-tasking execution because they
become automate scripts that are retrieved from procedural memory. This can lead to an absolute
optimization if the tasks directly relate the nature of their stimulus with the type of response which
they demand. Alternatively, it’s easier for two tasks to be executed together if they are different
on the stimulus sensor and/or the kind of response that is needed. Nevertheless, multi-tasking can
affect cognitive load regardless the difficulty of the combined tasks. This has been shown in
researches of D’esposito et al. (1995) as referred to Eysenck (2006), where the functional activity
of Prefrontal Cortex and the front part of the Cingulate Cortex which are related to attention
processes, were significant. In addition to that the complexity of the tasks is an important variable

as well.

Moving on, let’s see further our experimental variables now. We will start with our first topic
which is the types of arguments that are best fitting for people. We define “best fitting” in terms
of persuasiveness, trust and comprehension. The dimensions of relevance and performance are
concepts that should be examined through algorithmic procedures. Therefore, we want to measure
how different types of arguments affect the decision making process of participants. Here, it has
to be noted that according to Hastie (2001) as referred to Eysenck (2006), estimation is the first
stage of the decision making process. Our hypothesis is that if a specific type of explanation is
more persuasive and clear, it will direct to a greater degree both the choices and the confidence

level of participants throughout the process.

Regarding the types of explanations, we used rule based, example based and prototype based,
being inspired by the classical view theory of cognitive categorization, the conceptual clustering
and the prototype theory. We also created a paired variation where each of these types was
combined with Near miss and Far miss versions and thus, we had 3x3=9 types of explanation. As
we have seen the categorization plays significant role in reasoning and comprehension. We have
also referred to human’s reasoning which is based on counter-factual logic. For this reason we
created the above-mentioned combinations. For the argumentation context we used probability
quizzes which are based on heuristics and biases. Even though, this research is explorative, we
hypothesize that experts that is, people whose their field is related to probabilities, will prefer
prototype-Near miss explanations while non-experts will prefer rule based-Near or Far miss

explanations.
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Hence, we will measure the consistency and the variance of confidence level throughout the
different types of explanation to see if a certain type outweighs the others. More specifically, we
only used trust and persuasiveness, as indicators of decision making, because we have excluded
the comprehension. We had to create a self-report interview and choose a subgroup of our sample
for the application due to the complexity of the experiment. The lack of time was the main reason
for the exclusion. Therefore, for trust, we measured their confidence level, such as, if the
confidence for their decisions were minimized, then the trust in the machine is increased. And for

persuasiveness we measured the changes in their decisions (consistency).

We will continue with our second topic which is the measurement of cognitive load in Machine
Coaching context. We chose three different kind of interactions for this. The first condition is a
control condition where the interaction is unilateral. The participant receives feedback
(explanations) concerning his decisions within the task. Here, subjects interact with the machine
without using intellectual means of communication (argumentation). In the second condition the
interaction is bilateral and the participant initiates the interaction by using arguments to explain
his/her decisions. The last condition includes a bilateral interaction as well but here the participant
reacts either congruently or incongruently to the explanations of the machine. So, in this condition,
the subject is using arguments to explain their decision to the machine as a response to an
argument/explanation of the machine. We want to examine the performance on cognitive load

between these three conditions.

The Cognitive load which is expressed as an intellectual level of performance, is divided into three
aspects: intrinsic (number of elements and element interactivity), extraneous (instructional
presentation of any kind of material) and, germane (construction, automation and storage of
schemata). Angeli, Valanides & Kirschner (2009) argue that when the complexity of intrinsic
cognitive load is high, we have to minimize the extraneous cognitive load, that is, to be more
affordable and understandable for users, in order for them to be able to use their germane load
properly. Germane cognitive load is referring to our ability to restore our already established
schemata in our working memory in order to relate them with the external stimuli while recreating

our direct representations/thoughts.

Similarly, in our case we do not care about the intrinsic cognitive load which is related to the type

of the information that is communicated but we are focused on the different types of interaction
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that can be related to the extraneous cognitive load. So the extraneous cognitive load (different
types of interaction) is the variable that chose to manipulate in order to measure the germane
cognitive load. For our specific case, we utilized a secondary task where the participants will be
hearing either the letter D or B. They will have to press the spacebar while hearing the letter D
while responding to a confidence scale and after or before having received the feedback of the

machine for third and second condition respectively.

In this way, we will see how their cognitive load is affected after the different types of interaction
of each of the conditions. As we can see the first task is visual and the second aural but they have
to use their hand in both cases. The level of complexity in the first task is low while in the second
task is medium. For these reasons the combined complexity of these two tasks is medium and we
should see different variations of performance within the conditions. We will specifically measure
reaction time for both correct and incorrect responses and both the percentage of correct answers
(success rate) and incorrect responses (failure rate) within the trials. We hypothesized that in the
third condition where the participants react to an explanation, their cognitive load will be lower
while responding to the confidence scale because their cognitive resources will be lower as well,
as a result of the previous shared problem solving task. We also used a control task to measure the

short-term memory capacity of each of the participants.

We proceed to our third and last topic which is how different types of intellectual interaction within
Machine Coaching context, affect problem solving. So, specifically, we have again three
conditions: in the first condition the participants receive feedback/explanation for their choices, in
the second condition the participants explain their decisions and are provided with their own
previous arguments after they have received the feedback of the machine and, in the third condition
the participants react to the explanation of the machine by providing their own counter-arguments.
We will measure the consistency in their choices and the decrease or increase of incorrect answers
throughout the three different experimental conditions of argumentation. Again, this task is
explorative but we assume that either of the last two conditions should help participants, especially
experts, to eliminate their fallacies. Our hypothesis is that in the second and third condition,
participants and especially experts, will be more consistent in their choices and will have better

performance as well.
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Chapter 2
Research

The aim of the study was to investigate the effects of argumentation on humans’ cognitive
functions at Machine Coaching. More specifically, we wanted to examine how different types of
machines’ arguments, through different kinds of interaction, influence humans’ cognitive
functions such as decision making, cognitive load and problem solving, at argumentation based
XAI context. Our main research questions were: 1) What types of arguments are best fitting for
people? 2) What is the cognitive load of humans at different types of interaction? 3) Do we get
better consistency as a result of using arguments? More specifically, our main hypothesis was that
argumentation affects positively the cognitive functions at human-machine interaction. Even
though our research was explorative, we created some more focused hypotheses: 1) Prototype+
Near miss based explanations are most suitable types for experts, 2) Rule+ Near miss based
explanations are most suitable for non-experts, 3) Machine Coaching affects positively the
cognitive load of humans, 4) Argumentation helps people eliminate their biases and, 5)
Argumentation promotes consistency. The research was carried out in one phase but was divided
into three sub-experiments. The segmentation was applied for experimental and practical reasons
to help participants stay cognitively detached within the different conditions of the experiment by
simultaneously maintaining a short and less complex process. For this reason, these three
experiments followed both the same methodology and sampling. They were aimed to measure the
effect of nine types of arguments (Rule based, Example based, Prototype based, R+ Near miss, E+
Near miss, P+ Near miss, R+ Far miss, E+ Far Miss, P+ Far miss) on cognitive functions (decision
making, cognitive load and, problem solving) at three different versions of human-machine
interaction (unilateral, bilateral with human initiation and bilateral with human reaction). All

statistical analyses were performed using the statistical program of SPSS.21.
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Methods

Participants

N=258 people (172 Male; 86 Female) ranging in age from 18 to 68 (M = 35.9, SD = 13.5)
participated in this research. Participants have been selected randomly. They either have been
volunteered or been asked to participate in the experiment. For the invitation process, it was used
a convenience sampling where we tried to collect participants of all the different degrees of
specialization. An a priori power analysis was conducted using G*Power3 (Faul, Erdfelder, Lang,
& Buchner, 2007) to test the difference between three independent group means using a two-tailed
test, a small effect size (d= .25), and an alpha of .05. Result showed that a total sample of 259
participants with three equal sized groups of n= 86.3 was required to achieve a power of .80.
Therefore, we used a total number of 261 which was divided to three groups of 87 people. Three
people were excluded from the statistical analyses, as they gave incomplete results. The only
requirement was the normal or corrected to normal vision and having access to the audio sound of

their devices. We can see the descriptives of the sample on both Table 1 and Table 2.

Table 1. Descriptive statistics of 258 participants in current study.
n %

Gender Men / Women 172/ 86 66.7/33.3

mean age (stand. dev.)[min,

Age, years 35.9 (13.5) [18, 68]

max/
Level of education less than HS diploma 10 3.9
HS 17 6.6
BSc 108 41.9
MSc 98 38.0
PhD 15 5.8
Other 10 3.9
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Table 2. Frequency distribution of profession of 258 participants in current study.

n %
Agriculture/Geology 6 23
Archeology 1 0.4
Art/Music/Literature 5 2.0
Artificial Intelligence 2 0.8
Astrophysics 1 0.4
Biology 2 0.8
Biomedical Engineering 1 0.4
Business Administration/Project management 4 1.6
Chemical Engineering 1 0.4
Chemistry 2 0.8
Civil Engineering 4 1.6
Computer Science 10 3.9
Economics/Innovation/Accounting/Finance/Marketing 16 6.3
Education science 17 6.6
Electrical-Computer Engineering 6 24
Electrical-Mechanical Engineering 10 3.9
Engineering 4 1.6
English/Italian Literature 5 2.0
Health Science 4 1.6
Legal Science 3 1.2
Linguistics 1 0.4
Mathematical Physics 1 0.4
Mathematics 13 5.0
Mathematics-Computer Science 1 0.4
Medical school/Pharmacy 3 1.2
Medicine-Physics 1 0.4
Philology/Philosophy/Theoretical sciences 11 4.2
Physics 13 5.0
Political Science 3 1.2
Psychology 22 8.5
Social Sciences 13 5.0
Speech Therapy 4 1.6
Sports Science/Physiotherapy 6 24
Statistics 2 0.8
STEM 10 3.9
Unknown 50 19.4
Total 258 100.0
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Statistical Analyses

The analyses were conducted using the SPSS software (IBM Corp. Released 2021, IBM SPSS
Statistics for Windows, v.28.0, Armonk, NY: IBM Corp.). Frequency distributions of descriptive
characteristics of the 258 participants were calculated. The normality of confidence rates (initial
values and A-changes) was assessed based on Blom’s method (Q-Q plot). Repeated-measures
analysis of variance was used to assess the A-changes of self-confidence levels. As covariates were
used the age and gender. Chi-square method was also performed to assess relationships between
answers (correct, incorrect), types of explanation (9 types), consistency, specialization, digit span
(short term memory capacity) or conditions as well as the Kruskal-Wallis method in continues

variables. The accepted critical level was set to 0.05.

2.1 First Experiment

Method

Participants

N=86 people (61 Male; 25 Female) ranging in age from 18 to 68 (M =35.9, SD = 13.5) participated
in this experiment. Participants have been selected randomly. They either have been volunteered
or been asked to participate in the experiment. The only requirement was the normal or corrected

to normal vision and having access to the audio sound of their devices.
Materials

Nine probability quizzes were used in this research. An example of the quizzes can be seen in
Figure 1. These quizzes were presented via the screen of a computer in a randomized fashion. After
the completion of each of the quizzes, participants were provided with feedback. Each feedback
was corresponded to a different type of explanation. The types of explanations was a merge of the
classical view theory, the conceptual clustering and the prototype theory of cognitive

categorization and Near miss and Far miss of ML explanations (Rule based, Example based,
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Prototype based, R+ Near miss, E+ Near miss, P+ Near miss, R+ Far miss, E+ Far Miss, P+ Far
miss). The presentation of explanations for each of the quizzes was randomized as well. Each type
of explanation was conditioned to appear only once to each participant and thus, for each of the
quizzes, the participants received different type of explanation (counterbalancing). With this way,
we created all the combinations of quizzes and explanations. The quizzes, as it has already been
mentioned, are based on heuristics and biases. Because all types of biases are a result of previous
experiences which lead to categorization which creates heuristics that reinforce biases, we thought
that these quizzes were a representative example to test behavior and cognitive biases in an
argumentative context of HMI. The selected quizzes had different degrees of difficulty and the
mathematical equations were meant for people who can understand. Last but not least, the quizzes
can be placed on the abstract domain. The difference in this experiment compared to the existed
empirical studies, is that the level of abstraction here is high. They have only used low level of

abstraction domains such as pedigrees.

Figure 1. Quiz 1.

A panel of psychologists have interviewed and administered
personality tests to 30 engineers and 70 lawyers, all successful in their
respective fields. On the basis of this information, thumbnail
descriptions of the 30 engineers and 70 lawyers have been written.
You will find on your forms one description, chosen at random from
the 100 available descriptions. Please indicate your probability that
the person described is an engineer, on a scale from O to 100.

Jack is a 45-ycar-old man. He is married and has four children. He is

generally conse 4 eful, and ambitious. He shows no interest
in political and social issues and spends most of his free time on his
many hobbies, which include home carpentry, sailing, and
mathematical puzzles.

What is the probability that Jack is one of the 30 engineers?
A. 10-40 percent

B. 40-60 percent

C. 60-80 percent

D. 80-100 percent

More specifically, the classical view theory category was consisted of a simple definition as an
explanation, the definition compared to a contrastive definition with high degree of structural
similarity (similar definition) to that and the definition compared to a contrastive definition with
low degree of structural similarity to that. The conceptual clustering category was consisted of

examples of a theory/definition, examples of the right theory/definition in comparison to examples
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of a contrastive theory/definition with high degree of structural similarity to that and examples of
the right theory/definition in comparison to examples of a contrastive definition/theory with low
degree of structural similarity to that. Finally, the prototype theory was consisted of a prototype
example of the right theory/definition, a prototype example of the right theory/definition compared
to a prototype example of a contrastive definition with high degree of structural similarity to that
and, a prototype example of the right theory in contrast to a prototype example of a contrastive
definition with low degree of structural similarity to that. As we have already analyzed in the
introduction, these combination of theories were used because mental categorization plays
dominant role to internal representation, information retrieval, reasoning, comprehension and
problem solving. Additionally, Near and Far miss types have been used because comparisons have
shown to help humans reason, create mental models and comprehend data. Some examples of

explanations can be seen in Figures 2-6.

Figure 2. Rule based Type.

THE RIGHT ANSWER IS OPTION A.

Unconditional probability is the probability of an event regardless of
the preceding or future occurrence of other events. In simplest terms,

unconditional probability is simply the probability of an event

occurring, that is, the number of favorable outcomes divided by the

total number of outcomes possible. With that being said, the

robability of Jack being an engineer is 30% because, there is no

tangible evidence correlating the possible outcome and the

occurrence of the other conditions.
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Figure 3. R+ Far miss.

THE RIGHT ANSWER IS OPTION A.
is the probability of an

event regardless of the preceding or future

occurrence of other events. In simplest terr
unconditional probability is simply the probability of

an event occurring, that is, the number of favorable

outcomes divided by the total number of outcomes

possible. With that being said, the probability of
Jack being an engineer is 30% because, there is
no tangiblc cvidence corrclating the possible
and the of the other

outcome occurrence

conditions.

Figure 4. R+ Near miss.

THE RIGHT ANSWER IS OPTION A.
is the probability of an

event regardless of the preceding or future

occurrence of other events. In simplest terms,
unconditional probability is simply thc probability of
an event occurring, that is, the number of favorable
outcomes divided by the total number of outcomes

possible. With that being said, the ity of

Jack being an engineer is 30% because, there is
no tangiblc cvidcnce corrclating the possible
and the of the other

outcome occurrence

onditions.

ON THE CONTRARY, we could not apply
standard deviation because it’s a measure of
the amount of variation or dispersion of a set of
values. A low standard deviation indicates that
the values tend to be close to the mean of the
sct, while a high standard deviation indicatcs
that the wvalues are spread out over a wider
range. In that case the standard deviation of the

specialty of the 100 professions would be:

(70 + 30)/2 = 50, [(70- 50)2 + (30 - 50)2] /1 =
800/1 = 800 = V800 = 28.284271247462.

ON THE OTHER SIDE, in probability theory,
is a measure of the
probability of an event occurring, given that another
event (by assumption, presumption, assertion or
cvidence) has alrcady occurred. In our casc we have
four variables/events (no interest in political and
social issues, home carpentry, sailing, and
mathematical puzzles). If we had evidence at least
for one of the abovementioned variables and that is,
engineers who play mathematical puzzles = 0.41 and
pcople who play mathcmatical puzzlecs = 0.86 then,

we would have 041 / 0.86 = 47.7%. Thus, the

probability of Jack being an engineer would be

47.7%.
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Figure 5. Example based type.

THE RIGHT ANSWER IS OPTION A. THEORY APPILIED: Unconditional probability

Example 1: If a die lands on the number five 15 times out of 60, the unconditional

probability of landing on the number five is 25% (15 outcomes /60 total lots = 0.25).

Example 2: The chance of a fair coin flip being heads has an unconditional probability of
50% (1/2) regardless of how many coin flips preceded it, nor if some other event had
occurred. Each toss of a coin is a perfect isolated thing. What it did in the past will not
affect the current toss. The chance is simply 1-in-2, or 50%, just like ANY toss of the coin.
So each toss is an Independent Event.

Example 3: Lct's cxamince a group of stocks and thceir rcturns. A stock can cither be a
winner, which earns a positive return, or a loser, which has a negative returns. Say that out
of five stocks, stocks A and B are winners, while stocks C, D, and E are losers. What, then,
is the unconditional probability of choosing a winning stock? Since two outcomes out of a

possible five will producc a winncr, the unconditional probability is 2 succcesscs divided by

5 total outcomes (2 / 5 = 0.4), or 40%.

Figure 6. P+ Near miss.

THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Unconditional probability

The chance of a fair coin flip being heads THEORY THAT CANNOT BE APPLIED:

has an unconditional probability of 50% (1/2)
regardless of how many coin flips preceded it, nor if
some other event had occurred. Each toss of a coin

is a perfeet isolated thing. What it did in the past,

will not affect the current toss. The chance is simply

1-in-2, or 50%, just like ANY toss of the coin. So

Conditional Probability

Given that you drew a red card, what's the
probability that it's a four (p (four|red)) = 2/26=
1/13. So out of the 26 red cards (given a red card),
there are two fours so 2/26=1/13. The fact that you

drew a red card before affected the future outcome.

each toss is an Independent Event.

A confidence rating scale was used to measure participants’ confidence level of their responses,
before and after the feedback of the machine (10-25%=Not confident at all, 30-45%= Slightly
confident, 50-65%= Somewhat confident, 70-75%= Fairly confident, 90-100%= Completely
confident). As it has already been explained before, the confidence rating was aimed to reveal trust

levels of participants for the machine responses.

Nine random digits were initially used in each condition for testing the typical short-term memory

capacity of the participants, in a digit span task. Subjects were asked to recall and type in the screen
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of the computer, using the keyboard, each of the nine digits, in the order that were previously
displayed. This task was useful in order to compare potential differences in responses and the
cognitive load among people with high and low short term memory capacity. Participants’ levels
of short-term memory capacity were divided to low, medium and high. This task was repeated
three times in order to counterbalance factors such as lack of attention/distraction, lack of

comprehension for the first trials and any other contributed factor.

Within this procedure of the experiment and after the digit memory task, they were used aural
stimuli such as the sound of the letter b and the sound of the letter d, interchangeably and in a
random manner, while participants were interacting with the machine. This choice was made to
avoid the familiarization of participants with the sounds. The participants had to tap the spacebar
whenever the sound was the letter d. This was a simultaneous secondary task in order to measure
the cognitive load of the participants while interacting with the machine through the different
conditions. The sound effects appeared two times: in the beginning of the first quiz only once as a
reminder note and within the presentation of the second confidence scale. The point of the
presentation of the aural stimuli could be applied during the process of typing their explanations
for both second and third condition (our initial plan), nevertheless due to some reasons, it was
applied during the rating of their confidence level. The experimental reason for this choice was
that we wanted to see if the intellectual process or the different types of interaction of each of the
three different conditions affected with different way their mental alertness. For example, if their
mind was clearer or more organized depending on the condition (because x type of interaction

helped them more), their alertness during rating their confidence level would be better.

Levels of specialization were divided to low 684, medium 855, and high 333 (subjects 76, 95 and
37 respectively, with unclassified data 50 = 258). The missing values were acquired due to lack of
responses in the demographic section by some participants. The above mentioned disjunction was
aimed to distinguish the sample to people that are more familiar with probabilistic thinking, due
to their field of studies, and to those that are less familiar. Such separation is in alignment with
Chase and Simon (1973), Gobet and Clarkson (2004), Charness (1981) and deliberate practice
theory of Ericsson et al., (1993) as referred to Eysenck (2006). For example, people with degrees
on mathematics, business administration and economics, as they also reported on their own, were

already familiar with similar or identical quizzes. Hence, people with such degrees were assigned
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to high level of specialization, people from other STEM field who are in general familiar with
mathematics were assigned to the medium level of specialization while people from theoretical

sciences were assigned to low level of specialization.

Design and procedure

In the research was utilized 9x3 factorial design with manipulation in the second IV and thus, the
first experiment was manipulated as a single factor design with nine levels [1.Definition (Rule
based), 2.Contradictive definitions (R+ Far miss), 3.Similar definitions (R+ Near miss),
4.Examples (Example based), 5.Contrastive examples (E+ Far Miss), 6.Similar examples (E+ Near
miss), 7.Prototypes (Prototype based), 8.Contradictive Prototypes (P+ Far miss), 9. Similar

Prototypes (P+ Near miss)]. This condition is labeled as a unilateral interaction.

The experiment was conducted online with the PsychoPy survey software using Vertical
Enhancement of Statistics and Psychology Research software tool for assigning randomly each
participant to each of the three conditions. The whole process lasted for about 20-25 minutes for
each participant. At the beginning, participants were receiving written instructions in their screen.
When participants were ready, they could press the spacebar in their keyboard and, one sequence
of nine digits were displayed consecutively in their screen. Each digit of the sequence was followed
by the next every one second. After that, participants had fifteen seconds to recall and write the
sequence of digits in their screen via their keyboard. This process was repeated 3 times. In the next
stage, nine quizzes were displayed in the screen one by one at a random fashion for each
participant. Every time a quiz appeared in the screen, the participant had to choose a predefined
answer and the percentage of their confidence level for this answer. At this stage, machine had to
provide the right answer to the participant by offering an argument/explanation as well. The types
of explanations in this research were nine and thus, each quiz had nine different types of
explanations attached to it that were presented to each participant randomly. Each participant was
given all the versions of explanations by receiving a different type for each quiz. Then the
participant was provided with the explanation of the machine, he/she was asked if he/she wants to
change his/her answer and choose again his/her confidence level for his previous answer. Within
this last procedure, sound effects such as the sound of the letter b and the sound of the letter d were

perceptible, while participants were scaling their confidence level. The participants had to tap the
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spacebar whenever the sound was the letter d. Both the reaction time and the correct/false
responses were recorded and calculated. It has to be noted that guideline notes were presented

between the tasks in order for the participants to stay tuned.

Results

Between Incorrect and Correct answers was found a significant difference in the mean change (A)
of the Confidence Rate in the 4™ type of explanation (Ancova, F=6.14, d.f.=2301; -0.16 vs. 0.17,
respectively, p =0.017) or in general in all the mean changes regardless of the type of explanation
(Ancova, F=5.67, d.£.=2301; -0.07 vs. 0.04, p = 0.013) (Table 3; Figure 7). This means that the
Example based type of explanation decreased significantly the confidence level of the participants
for their responses when they had provided incorrect answers and increased in a significant level
their confidence, when they had provided correct answers.

As we can see in Table 3, in general, machine’s explanations affected the confidence level of
participants for their answers. Even though only the example based explanation has statistical
significance, it is quite interesting to see the priority sequence of the types that affected the
confidence of participants on correct and incorrect answers: Example based > E+ Far miss > P+

Far miss > R+ Near miss > Rule based.

35



Table 3. Comparisons of changes in self-confidence levels between types of explanation and

answers of 258 participants (2,322 measurements).

Incorrect Correct
Type O.f Confidence Mean Std. Error  Mean  Std. Error  p-value
Explanation Rate
Rule based Before 3.67 0.08 3.83 0.12
After 3.65 0.09 3.94 0.13
A-change -0.02 0.11 0.339
R+ Far miss Before 3.47 0.08 3.72 0.12
After 3.47 0.09 3.76 0.13
A-change 0.01 0.04 0.825
R+ Near
miss Before 3.61 0.09 343 0.11
After 3.58 0.09 3.55 0.12
A-change -0.04 0.12 0.220
Example
based Before 3.61 0.08 3.62 0.12
After 3.46 0.09 3.79 0.13
A-change -0.16 0.17 0.017
E+ Far miss Before 3.62 0.09 3.69 0.11
After 3.39 0.09 3.71 0.12
A-change -0.22 0.02 0.066
E+ Near
miss Before 3.65 0.09 3.56 0.11
After 3.54 0.09 3.50 0.12
A-change -0.11 -0.05 0.644
Prototype
based Before 3.79 0.09 3.75 0.11
After 3.70 0.09 3.66 0.12
A-change -0.09 -0.10 0.939
P+ Far miss Before 3.59 0.08 3.67 0.12
After 3.54 0.09 3.78 0.13
A-change -0.05 0.12 0.211
P+ Near miss Before 3.55 0.08 3.71 0.12
After 3.64 0.09 3.69 0.13
A-change 0.09 -0.03 0.413
Total Before 3.62 0.03 3.67 0.04
After 3.55 0.03 3.71 0.04
A-change -0.07 0.04 0.013

Repeated measures analysis (ancova). As covariates were used gender and age.



Figure 7. The effect of the types of explanation on confidence level of the total sample.
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Repeated measures analysis (ancova), p=0.017.

On table 4 and Figure 8-12, we can see that there was a statistically significant difference in
consistency' percentages in correct answers on 7™ type of explanation (Chi-square test, Pearson >
=4.337,d.f. = 1; 38.4% vs. 12.5%, p = 0.037). This means that the Prototype based explanation
mostly affected the responses of participants, that is, the change of their answer, being incorrect,
based on the feedback of the machine. Despite the fact that only the effect of Prototype based type
was statistically significant, we should ranking the types that made participants change their

incorrect answers: Prototype based > Rule based > R+ Near miss > P+ Far miss.
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Table 4. Frequencies of answers between types of explanation and consistency of 258

participants (2,322 measurements).

Type Of Consistenc Incorrect Correct
Explanation Y n % n % p-value
Rule based no 154 63.9 87 36.1
0.123
yes 14 82.4 3 17.6
R+ Far miss no 169 67.6 81 324
0.075
yes 3 37.5 5 62.5
R+ Near no 150 61.5 94 38.5
miss 0.199
yes 11 78.6 3 214
Example no 166 67.5 80 32.5
based 0.953
yes 8 66.7 4 33.3
E+ Far miss no 154 63.6 88 36.4
0.957
yes 10 62.5 6 37.5
E + Near no 153 63.2 89 36.8
miss 0.120
yes 7 43.8 9 56.3
Prototype no 149 61.6 93 38.4
based 0.037
yes 14 87.5 2 12.5
P+ Far miss no 165 66.8 82 33.2
0.682
yes 8 72.7 3 27.3
P+ Near miss no 167 68.2 78 31.8
0.477
yes 7 58.3 5 41.7
Total no 1427 64.9 772 35.1
0.601
yes 82 67.2 40 32.8

Chi-square tests (%)

! Consistency: no = they did not change their answer, yes= they changed their answer



Figure 8. The effect of the types of explanation on persuasiveness of the total sample.
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Figure 9. The effect of the Prototype based type on consistency.
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Figure 10. The effect of the Rule based type on consistency.
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Figure 11. The effect of the Rule+ Near miss type on consistency.
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Figure 12. The effect of the Prototype+ Far miss type on consistency.

M P+ Far miss NO W P+ Far miss YES
80
72.7
70 66.8
60
X
g 50
8
©
[} 40
T 33.2
o
30 27.3
20
10
0
Incorrect Correct

Chi-square test,p=0.682.



Between Incorrect and Correct answers was found a significant difference in the mean change (D)
of the Confidence Rate in the 4th type of explanation for individuals with high level of expertise
(Ancova, F=4.64, d.£.=295; -0.38 vs. 0.46, respectively, p = 0.027). This means that the Example
based type of explanation, decreased significantly the confidence level of participants, with high
level of expertise, for their responses when they had provided incorrect answers and increased in
a significant level their confidence, when they had provided correct answers (Table 5; Figure 13-
15).

Regardless the results, it is interesting to rank again the effect of the different types of explanation

on self-confidence throughout the different levels of expertise/specialization?:

High level

Example based > R+ Near miss > Rule based > Prototype based > E+ Near miss > R+ Far miss.
Medium level

Example based > P+ Far miss.

Low level

E+ Far miss > Example based > E+ Near miss > R+ Near miss > R+ Far miss.

2 Specialization: high= economics/business administration/statistics/mathematics, medium= other STEM fields/exact
sciences, low= theoretical sciences
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Table 5. Comparisons of mean changes of self-confidence levels between types of explanation,
specialization and answers of 258 participants (2,322 measurements).

Type Of Incorrect Correct

Explanation Specialization A mean-change p-value

Rule based low 0.01 0.19 0.486

medium 0.08 -0.04 0.591

high -0.05 0.41 0.216

R+ Far miss low -0.06 0.06 0.646

medium 0.10 0.08 0.936

high -0.23 0.08 0.401

R+ Near miss low -0.06 0.13 0.439

medium 0.04 0.08 0.870

high -0.23 0.33 0.110

Example based low -0.19 0.04 0.371

medium -0.07 0.27 0.127

high -0.38 0.46 0.027

E+ Far miss low -0.23 0.08 0.208

medium -0.29 -0.09 0.358

high -0.26 -0.10 0.651

E+ Near miss low -0.10 0.11 0.383

medium -0.10 -0.18 0.735

high -0.09 0.31 0.273

Prototype low 0.11 0.06 0.843

based

medium 0.00 -0.29 0.192

high -0.18 0.24 0.236

P+ Far miss low -0.07 -0.07 0.998

medium -0.13 0.16 0.204

high 0.09 0.07 0.967

P+ Near miss low 0.00 0.17 0.514

medium 0.09 -0.28 0.111

high 0.08 0.08 0.999

Repeated measures analysis (ancova). As covariates were used gender and age.
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Figure 13. The effect of the types of explanation on confidence level of people with high level of

specialization.
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Figure 14. The effect of the types of explanation on confidence level of people with medium level

of specialization.
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Repeated measures analysis {(ancova), p > 0.05.
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Figure 15. The effect of the types of explanation on confidence level of people with low level of

specialization.
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Repeated measures analysis (ancova), p > 0.05.
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2.2 Second Experiment

Method

Participants

N=89 people (59 Male; 30 Female) ranging in age from 18 to 68 (M =35.9, SD = 13.5) participated
in this experiment. Participants have been selected randomly. They either have been volunteered
or been asked to participate in the experiment. The only requirement was the normal or corrected

to normal vision and having access to the audio sound of their devices.
Materials

They were used the same tools as the experiment 1.

Design and procedure

In the research was utilized 9x3 factorial design with manipulation in the second IV and thus, this
second experiment was manipulated as a single factor design with nine levels [1.Definition (Rule
based), 2.Contradictive definitions (R+ Far miss), 3.Similar definitions (R+ Near miss),
4.Examples (Example based), 5.Contrastive examples (E+ Far Miss), 6.Similar examples (E+ Near
miss), 7.Prototypes (Prototype based), 8.Contradictive Prototypes (P+ Far miss), 9. Similar
Prototypes (P+ Near miss)]. This condition is labeled as a bilateral interaction with human
initiation.

The experiment was conducted online with the PsychoPy survey software using Vertical
Enhancement of Statistics and Psychology Research software tool for assigning randomly each
participant to each of the three conditions. The whole process lasted for about 20-25 minutes for
each participant. Initially, participants received instructions in writing, in their screen. When
participants were ready, one sequence of nine digits were displayed consecutively in their screen.
Each digit of the sequence was followed by the next every 1 second. After that, participants had
15 seconds to recall and write the sequence of digits in their screen via their keyboard. This process
was repeated 3 times. In the next stage, nine quizzes were displayed in the screen one by one at a
random manner to each of the participants. Every time a quiz was displayed in the screen, the

participant had to choose a predefined answer, give an explanation for this answer and choose the
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percentage of their confidence level for the same answer. Later, the machine had to provide the
right answer to the participant by offering at the same time an argument/explanation. The types of
explanations in this research were nine and thus, each quiz had nine different types of explanations
attached to it that were presented to each participant randomly. Each participant was given all the
versions of explanations by receiving a different type for each quiz. Then, the machine had to show
the explanation that the participant gave for this answer of the quiz and ask the participant if he/she
would like to change the answer by offering again the option of scaling the confidence level.
Within this last procedure, sound effects such as the sound of the letter b and the sound of the letter
d were perceptible, while participants were scaling their confidence level. The participants had to
tap the spacebar whenever the sound was the letter d. Both the reaction time and the correct/false
responses were recorded and calculated. It has to be noted that guideline notes were presented

between the tasks in order for the participants to stay tuned.
Results

No significant differences were found on mean reaction time in 1%, 2" and 3™ conditions for tone
D, B, percentage of false responses and percentage of correct responses (Table 6; Figure 16, 17).
This means that the performance of cognitive load did not significantly differ between the three

different conditions.

Nevertheless, we can see a slightly better mean performance on reaction time and success rating
on the condition 3 where participants had to react to an explanation, compared to the condition 2

where they had to initiate an explanation or the control condition, that is, condition 1.
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Table 6. Comparisons of reaction time and correct/false responses between conditions in 258
participants (2,322 measurements).

Condition
Total
lst 2nd 3rd

mean s.d. mean sd. mean sd. mean s.d. p-value
Number 2321 774 801 747
ToneSpeedD 028 044 026 042 027 043 031 047 0.248
ToneSpeedB 0.09 028 009 028 008 025 0.10 030 0.893
ToneFailRate (%) 6.6 213 6.6 212 64 21.1 7.0 21.8 0.943
ToneSuccessRate (%) 26.7 404 26.1 40.1 258 39.7 285 41.5 0.408

Kruskal-Wallis tests



Figure 16. The effect of condition on cognitive load, that is, reaction time for both tones.
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Figure 17. The effect of condition on cognitive load for both success and failure rate.
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On table 7 and Figure 18-19, we can see a significant difference between the levels of working
memory capacity on both consistency behavior (Chi-square test, Pearson y*> = 13.45, df =2; 10.3%,
4.3% and 4.9%, p = 0.028) and correct performance (Chi-square test, Pearson ¢~ = 9.83, df = 2;
25.8%, 35.6% and 36.3%, p = 0.013). More specifically, the level of working memory capacity of
participants affected their consistency behavior, with those who have higher capacity being more
consistent compared to those with lower short term memory capacity. In the same manner,
participants with higher working memory capacity had better performance in the quizzes in

comparison to those with lower capacity.

Table 7. Frequencies of different levels of working memory between levels of consistency and
answers in 258 participants (2,322 measurements).

Digit span

p-value
low medium high
Consistency no n 210 775 1215
% 89.7 95.7 95.1
0.028
yes n 24 35 63
% 10.3 4.3 4.9
Answers Incorrect n 173 522 814
% 74.2 64.4 63.7
0.013
Correct n 60 288 464
% 25.8 35.6 36.3

Chi-square tests (y?) (linear-by-linear association)
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Figure 18. The effect of working memory capacity on consistency.
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Figure 19. The effect of working memory capacity on performance.
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Alternatively, as we can see on table 8 and Figure 20-21, there is no significant difference between
the levels of specialization on both consistency behavior and performance (p> 0.05). With other
words, the performance and behavioral consistency of participants did not affected by the level of

their expertise, that is, if their field was related to the quizzes or not.
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Table 8. Frequencies of different levels of specialization between levels of consistency and answers
in 258 participants (2,322 measurements).

Specialization
p-value

low medium high
Consistency no n 647 823 305
% 36.5 46.4 17.2

0.158

yes n 37 32 10

% 46.8 40.5 12.7
Answers Incorrect n 445 558 194
% 37.2 46.6 16.2

0.468
Correct n 239 296 121
% 36.4 45.1 18.4

Chi-square tests (y?) (linear-by-linear association)

Figure 20. The effect of specialization on consistency.
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Figure 21. The effect of specialization on the performance.
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2.3 Third Experiment

Method

Participants

N=83 people (52 Male; 31 Female) ranging in age from 18 to 68 (M =35.9, SD = 13.5) participated
in this experiment. Participants have been selected randomly. They either have been volunteered
or been asked to participate in the experiment. The only requirement was the normal or corrected

to normal vision and having access to the audio sound of their devices.
Materials

They were used the same tools as the experiment 1.

Design and procedure

In the research was utilized 9x3 factorial design with manipulation in the second IV and thus, this
third experiment was manipulated as a single factor design with nine levels [1.Definition (Rule
based), 2.Contradictive definitions (R+ Far miss), 3.Similar definitions (R+ Near miss),
4.Examples (Example based), 5.Contrastive examples (E+ Far Miss), 6.Similar examples (E+ Near
miss), 7.Prototypes (Prototype based), 8.Contradictive Prototypes (P+ Far miss), 9. Similar

Prototypes (P+ Near miss)]. This condition is labeled as a bilateral interaction with human reaction.

The experiment was conducted online with the PsychoPy survey software using Vertical
Enhancement of Statistics and Psychology Research software tool for assigning randomly each
participant to each of the three conditions. The whole process lasted for about 20-25 minutes for
each participant. At first, participants were provided with written instructions in their screen. When
participants were ready, one sequence of nine digits were displayed consecutively in their screen.
Each digit of the sequence was followed by the next every 1 second. This process was repeated 3
times .After that, participants had 15 seconds to recall and write the sequence of digits in their
screen via their keyboard. In the next stage, nine quizzes were displayed in the screen one by one
at a random manner to each of the participants. Every time a quiz was displayed in the screen, the

participant had to choose a predefined answer and the percentage of their confidence level for this
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answer. Then, the machine had to provide the right answer to the participant by offering an
argument/explanation as well. The types of explanations in this research were nine and thus, each
quiz had nine different types of explanations attached to it that were presented to each participant
randomly. Each participant was given all the versions of explanations by receiving a different type
for each quiz. After the participant was provided with the explanation of the machine, he/she had
to provide an explanation of their previous choice. Then, the machine had to provide the option to
the participant to change his/her answer and ask him/her to rate again his/her confidence level for
his/her previous answer. Within this last procedure, sound effects such as the sound of the letter b
and the sound of the letter d were perceptible, while participants were scaling their confidence
level. The participants had to tap the spacebar whenever the sound was the letter d. Both the
reaction time and the correct/false responses were recorded and calculated. It has to be noted that

guideline notes were presented between the tasks in order for the participants to stay tuned.
Results

Between the three different conditions was found a significant difference in the performance of
the high level of expertise category (Chi-square test, Pearson x~ = 7.64, df = 2; 28.9%, 48.9% and
37.8%, p =0.022) (Table 9; Figure 22, 23). Specifically, people whose their field is strongly related

to the context of the quizzes, increased significantly their performance in both the second and third
condition. In general people seem to increased their correct answers and decreased their incorrect
answers in these last conditions and especially in the second condition.

Again, between the three different conditions was found a significant difference in the consistency
behavior regardless of the performance, that is, being incorrect (Chi-square test, Pearson y~ = 268.3,
df=2;p <0.001), correct (Chi-square test, Pearson y*=91.4, df =2; p <0.001) or in total (Chi-square
test, Pearson y° = 246.5, df = 2; p <0.001) (Table 10; Figure 24). Particularly, the second and fourth

condition equated the consistency fluctuations of participants to zero.
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Table 9. Frequencies of answers between levels of specialization and conditions in 258 participants
(2,322 measurements).

o Condition
Specialization Answers p-value
lst 2nd 3rd
Low Incorrect n 151 148 146
% 64.5 63.2 67.6
0.614
Correct n 83 86 70
% 35.5 36.8 32.4
Medium Incorrect n 153 202 203
% 68.3 62.3 66.3
0.319
Correct n 71 122 103
% 31.7 37.7 33.7
High Incorrect n 64 46 84
% 71.1 51.1 62.2
0.022
Correct n 26 44 51
% 28.9 48.9 37.8
Total Incorrect n 368 396 433
% 67.2 61.1 65.9
0.064
Correct n 180 252 224
% 32.8 38.9 34.1

Chi-square tests (%)
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Figure 22. The effect of condition on the performance for the total sample.
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Figure 23. The effect of condition on the performance of people with high level of specialization.
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63



Table 10. Frequencies of answers between levels of consistency and conditions in 258 participants
(2,322 measurements).

. Condition
Answers Consistency 1 Jnd P p-value
Incorrect no n 435 499 493
% 84.1 100.0 100.0
<0.001
yes n 82 0 0
% 15.9
Correct no n 216 302 254
% 84.4 100.0 100.0
<0.001
yes n 40 0 0
% 15.6
Total no n 651 801 747
% 84.2 100.0 100.0
<0.001
yes n 122 0 0
% 15.8

Chi-square tests (%)
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Figure 24. The effect of condition on the consistency.
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Chapter 3
Conclusion and discussion

To summarize, our goals for this research were divided to three sections: the first was to investigate
the effects of different types of explanation on trust, persuasiveness and comprehensibility, the
second was to measure cognitive load in three different HMI, and the third was to explore the
effect of argumentation on problem solving such as consistency and performance, in three different
conditions. Let’s start with the first experiment. Our first plan was to measure comprehensibility
by using self-report techniques, for instance, we had integrated a scale where participants had to
choose characteristics to describe the different types of machine’s explanations. Nevertheless, we
excluded this scale from the experiment because in combination with the other tasks, the process
was very time-consuming for the participants. For this reason, it will be more accurate to clarify
that the findings of the first experiment can be interpreted in terms of trust and persuasiveness and

not of comprehensibility.

We have seen that providing explanations can boost acceptance and trust (Ribeiro, Singh &
Guestrin, 2016; Teso & Kersting, 2019) and this is also verified by our results, as machine’s
explanations affected the confidence level of participants. In general, explanations reduced the
confidence level of participants for their answers, if they had given incorrect answers and raised
the confidence level of participants for their answers, if they had given correct answers. Adhikari,
Tax, Satta & Faeth (2019) and Rabold, Siebers & Schmid (2021) have shown that example based
explanations are being considered more beneficial by users. Particularly, after examining the
results of Rabold, Siebers & Schmid (2021), Rule based is most preferred in the abstract domain
while Example based is most preferred in the visual domain. Nevertheless, in the abstract domain,
rule based are preferred combined with the Example based explanations. Overall, near miss are
preferred over far miss and E + far miss are preferred over R+ far miss. In visual domain, E+ far

miss are preferred over R+ near miss.

Even though we did not use a visual domain or a combination of E+ R based types, our results are
in alignment with the preference in Example based explanations, as they affected the most the

confidence level of participants regardless their level of expertise. The difference here, is that the
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level of complexity/abstraction in our abstract domain is really high while in the other studies is
really low and this aspect, should be considered as well. It has to be noted that our example based
explanations were consisting of three different examples while our Prototype based type was
chosen as the simplest and most representative of these examples. People with high level of
expertise were affected in a significant degree by Example based explanations. An interesting
pattern, though not significant, was that Near miss examples influenced mostly people with high
level of expertise, while Far miss types influenced mostly people with medium and low level of
expertise. This could be explained by the fact that due to limited working memory, our cognitive
system uses schemata (Hogg & Vaughan, 2008; Kuhn, Amlani & Rensink, 2008; Kuhn & Rensink,
2016; Van de Cruys & Wagemans, 2011; Eysenck, 2006; I1660¢ & Owuovopov, 2010), these scripts
are not available to people with lower level of expertise and thus, it is difficult for them to process
a lot of unknown information at the same time. Far miss types are clearer and less complex for
non-experts in order to spot contrasts and differences. Therefore, although proximity is an
important variable as Miller, Howe & Sonenberg (2017) have stated, it seems that knowledge
background determines this preference. We need further researches in order to explore if this

pattern exists or not.

Another interesting finding is that the Prototype based explanation affected the most, in a
significant degree, the participants regarding the changing of their responses. By and large, we
could say that Example based explanations influence the trust level while Prototype based
influence the behavior (most persuasive). Admittedly, there is a contradictive finding here. Why
Example based explanations affect the confidence level and not the behavior of the participants
and why Prototype based types affect the behavior and not the confidence level of participants.
This may be due to the Reactance (theory of Brehm) where people try to resist if feeling threatened
because of their eliminating freedom or feeling that they are the target of a persuasion effort (Hogg
& Vaughan, 2008). As it has already been mentioned, example based types were consisting of
three different examples which were presented to participants, while the prototype based was the
simplest and shortest one of them. For this reason, participants might felt as if the machine was

trying to persuade them to change their mind.

Seemingly, contrastive explanations reinforce the interpretability and understanding of XAI

explanations. According to surveys, prototype counter-factual types (Hase & Bansal, 2020),

67



Sensitivity based explanations (this could be interpreted as a Near miss type) (Shulner-Tal, Kuflik
& Kliger, 2022), contrastive versions (Kobayashi, 2019) and consider the opposite technique (Lee
et al., 2016), enhance the understanding and affect the beliefs of users. In these experiments, we
did not use this type of measurement but we suggest that the integration of measurements such as

trust, persuasiveness and comprehension at the same time, will give clearer results.

As we have already mentioned in the introduction, counter-arguments are the basic structure
element of mental reasoning in humans (Eysenck, 2006; Miller, 2019). People with limited
working memory cannot create a lot of contrastive mental models at the same time (Eysenck,
2006). This cognitive phenomenon might explain the fact that people with higher working memory
had better performance on the quizzes compared to people with lower working memory. The most
impressive result here is that people with high level of expertise did not have better performance
than those with the lowest degree of specialization. This can be linked to the findings of Lee et al.
(2016) where experts had lower performance than non-experts due to heuristics. Familiar patterns
even if wrong, are preferred by our perceptual system due to reasons we have already explained in

the introduction.

People with high level of working memory capacity not only did they have better performance but
also were more consistent in their choices as well, in contrast to people with high specialization
level that did not have the same results. Therefore, short term memory capacity affects consistency
and performance while specialization did not show any effect on these two. Nevertheless, the
cognitive load of participants did not show any significant difference between the three different
conditions. This could be due to three reasons, the first is that the right point to measure their
cognitive load was during giving explanations or counter-arguments to the machine in the second
and third condition respectively, the second is that the complexity of the secondary task needed to
be higher and, the third is that Electroencephalography (EEG) is the only way to have accurate
results. The former originally seemed very confusing because participants would have to type via
their keyboard while trying to respond to the secondary task through the keyboard as well.
Additionally, it has to be reported that a large number of the sample did not react to this task at all.
This might say that they did not acknowledge it as a part of the experimental process.

Even though different conditions did not affect the cognitive load, they considerably affected the

consistency variable. In conditions where participants had to explain their answers, consistency
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reached one hundred percent. More precisely, in the condition two, participants had to explain
their answer and the machine presented again this explanation to them in a later stage. In condition
three, participants had to explain their answer by providing a counter-argument to the explanation
of the machine. It is quite impressive that in these two versions, nobody changed their answers
regardless of being correct or incorrect even though there were variations in their confidence level.
Therefore, we do get better consistency as a result of using arguments. Another important finding
is that people of high level of expertise increased their performance significantly on both condition
two and three as well. In general, all participants seemed to increase their performance on these
last two conditions and especially in the second condition. Subsequently, argumentation might

promote consistency but reduces biases as well.

The effect of better performance, mainly in condition two, was expected, as participants were
challenged to use the system type II, in order to resolve the quizzes. The condition one mostly
triggered the heuristics of the participants and, for this reason the performance was lower. As
Eysenck (2006) and I1600g & Oucovéopov (2010) have stated, the importance/necessity of the task,
the cognitive skills of the individual, the specialized knowledge, emotional state, motives, the time
pressure and, the nature of the task (multi-tasking or not) are some factors that determine which
system will be used. Hence, participants with higher working memory and participants with higher
specialization who have been motivated to explain their answer had better performance by using
the system type II. On the other side, the perfect degree of consistency on both condition two and
three, could be explained by Consistency and Balance theory which support that people tend to
maintain an internal balance by constructing coping mechanisms in order to avoid incongruences

in their cognitions (Hogg & Vaughan, 2008).

Overall, as other researchers have reported, explanations should be adapted based on the context
(Amann et al., 2022), target group, that is, experts/non-experts (Burkart & Huber, 2021; Amann et
al., 2022) and questions (Mothilal, Sharma & Tan 2021). We saw that our results differed
depending on the short-term memory capacity, the level of expertise and the condition. Similarly,
Burkart & Huber (2021) argued that persuasive explanations are related to cognitive functions,
user preferences and expertise. Thus, personalized transparency seems very reasonable (Schelenz,
Segal & Gal, 2020). For instance, if argumentation reduces biases which are based on heuristics,

personalized XAl would reinforce this productive dialogue in HMI. Apparently, as Kakas (2020)
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has argued, “weak fallacies will not survive within a context of reasoning”. Even if prejudices

could not be completely eradicated in this context, they are certain to be minimized.

To conclude: 1) Example based explanations enhanced trust while prototype influenced the
behavior of participants. Nevertheless these findings are not very clear and thus, we need to
incorporate psychometrics for comprehension, trust and persuasiveness together as well as self-
report tools, 2) Example based explanations affected in a significant degree the confidence level
of participants with high level of expertise. We need further researches to explore if non-experts
prefer far miss types and experts prefer near types because this was an observed pattern but not a
significant one, 3) Argumentation/mutual explainability promotes consistency, boosts better
performance and eliminates biases, 4) The effect of argumentation had a really high significant
effect on people with high level of expertise, that is better performance and, 5) High working
memory capacity increases both performance and consistency while high level of expertise did not

show any significant linear association.

3.1 Limitations and future work

This study was conducted via online means and thus, even though the variables were
counterbalanced, the experimental environment was not well controlled. According to Christensen
(2001) sometimes, an increased ecological validity can minimize the internal validity. For this
reason, we believe that an online experiment can simulate in a better degree real-life case scenarios
but a repeated measurement in a laboratory can confirm or contradict the results. Therefore, a

combination of both cases, would be the ideal scenario to verify the results of the study.

Some other factors that could direct the results could be the interpolation of multiple experimental
conditions, the Hawthorne effect, the impact of innovation/distraction, the effect of the researcher,
the effect of preliminary examination and the multi-layered temporal validity (Christensen, 2001).
Let’s consider each of these potential influencing factors separately. In this study, we used three
different conditions in order to decrease the learning and transfer across the conditions and thus

interpolation could not affect the results. Nevertheless, due to the nature of the experiment, some
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participants could leave the experiment and start from the beginning. If this was the case, some

participants in their second trial, could be assigned by the system in a different condition.

The Hawthorne effect, that is, when participants are aware that they participate in a study, was
tried to be controlled by informing participants the aims of the study which were very far from
measuring their 1Q or testing their knowledge. In a laboratory experiment, it’s easier for the
researcher to present the experiment in a beneficial way and give more details after the
experimental process. Furthermore, in this study the researcher could not affect the participants
nor expose the subjects in a preliminary examination. Last but not least, the temporal validity could

be verified through other researches.

In general, the required number of participants for this study was 261 but for some of the statistical
analyses, our sample was divided to three different levels of expertise. Nevertheless a large number
of participants did not reveal their field of studies. It would be more precise if the sample was
consisting of 261 participants for each of these categories. In addition to that, levels of
specialization could also be divided based on the level of education, that is, if participants had a

bachelor, master or doctorate degree on fields related to the quizzes.

However, research on this area should focus on exploring more criteria in order to build
personalized systems based on the cognitive needs of users. We have shown that variables such as
working memory capacity, level of expertise and argumentative conditions have significant
effects. More specifically, we need to consider variables such as elementary cognitive factors such
as working memory capacity and high level cognitive factors such as cognitive styles (Belk, 2021).
Depending on the factor, we could present the types of explanation with multiple ways. For
example, for low working memory capacity, in the explanation screen, we would provide a storage

tool where participants could see again information of the quizzes.

For cognitive styles such as imager or verbal, we would present the explanations with
diagrammatic information combined with textual information and textual presentation,
respectively. Moreover, for wholist/field dependent or analyst/field independent people, we would
present the explanations with the quizzes in guided steps with expandable content and a whole
preview of quiz and explanation in a single one-page, respectively. Nevertheless, to establish
ecological validity, systems that uses human factors to adapt their content should be adaptive and

refresh their clustering from time to time because people can change.
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Another limitation of our work is that we excluded the scale of understanding, trust and satisfaction
for the answers of the machine. Therefore, we also suggest for future researches to integrate
psychometrics for trust, persuasiveness and comprehension, as well as self-report tools in order to
have more complete results. The internal validity of the study will be increased if behavioral
metrics converge with the self-report measurements. Some supplementary factors that could also
be considered in future researches, are the gender counterbalancing and the inclusion of E+ R

based type of explanation as these coefficients were absent in this study.

Last but not least, the measurement of cognitive load throughout the conditions was not effective.
It’s possible that a concrete number of participants did not pay enough attention to this task as we
have a lot of zeros reactions in the data. For this reason, an EEG measurement of cognitive load
should be more appropriate. Although, we acknowledge that the precisely correct point for this
measurement should be during the typing stage where participants were called to explain their
decisions. Future researches will have to use both these types of measurements in order to be able

to conclude to hypotheses.
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A. Table of Acronyms

Appendices
Appendix A

Al

ML

DNNs

RL

XAI

HMI

ME

SL

XIXO

PAC

MR

LIME

PRP

R+ Far miss
R+ Near miss
E+ Far miss
E+ Near miss
P+ Far miss
P+ Near miss
E+ R based
EEG

Artificial Intelligence

Machine Learning

Deep Neural Networks

Reinforcement Learning

Explainable Artificial Intelligence

Human-Machine Interaction

Mutual Explainability

Supervised Learning

Explanation In, Explanation Out

Probably Approximately Correct

Machine Reasoning

Interpretable Model-agnostic Explanation

Psychological Refractory Period

Rule and Far miss combination type of explanation

Rule and Near miss combination type of explanation
Example and Far miss combination type of explanation
Example and Near miss combination type of explanation
Prototype and Far miss combination type of explanation
Prototype and Near miss combination type of explanation
Example and Rule based combination type of explanation
Electroencephalography
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Appendix B

B. Quizzes

First Quiz

A panel of psychologists have interviewed and administered
personality tests to 30 engineers and 70 lawyers, all successful in their
respective fields. On the basis of this information, thumbnail
descriptions of the 30 engineers and 70 lawyers have been written.
You will find on your forms one description, chosen at random from
the 100 available descriptions. Please indicate your probability that
the person described is an engineer, on a scale from 0 to 100.

Jack is a 45-year-old man. He is married and has four children. He is
generally conservative, careful, and ambitious. He shows no interest
in political and social issues and spends most of his free time on his
many hobbies, which include home carpentry, sailing, and
mathematical puzzles.

What is the probability that Jack is one of the 30 engineers?

A. 10-40 percent
B. 40-60 percent

C. 60-80 percent

D. 80-100 percent

(Kahneman & Tversky, 1973, p. 241)
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Second Quiz

A certain town is served by two hospitals. In the larger hospital about
45 babies are born each day, and in the smaller hospital about 15
babies are born each day. As you know, about 50% of all babies are
boys. However, the exact percentage varies from day to day.
Sometimes 1t may be higher than 50%, sometimes lower. For a period
of 1 year, each hospital recorded the days on which more than 60% of
the babies born were boys. Which hospital do you think recorded

more such days?

A. The larger hospital

B. The smaller hospital

C. About the same (that is, within 5% of each other)

(Kahneman & Tversky, 1972, p. 443)
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Third Quiz

Imagine an urn filled with balls, of which 2/3 are of one color and 1/3
of another. One individual has drawn 5 balls from the urn, and found
that 4 were red and 1 was white. Another individual has drawn 20
balls and found that 12 were red and 8 were white. Which of the two
individuals should feel more confident that the urn contains 2/3 red
balls and 1/3 white balls, rather than the opposite?

A. First person

B. Second person

(Tversky & Kahneman, 1974, p. 1125)
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Forth Quiz

Case 1: Imagine that you
have decided to watch a
movie tonight and you
already purchased a ticket
for $10. As you enter the
theater, you discover that
you have lost the ticket. The

ticket office tells you they
keep no records so you will
have to purchase a new
ticket to see the movie.
Would you still pay $10 for
another ticket?

Case 1: A. Yes
Case 1: B. No

Case 2: Imagine that you
have decided to watch a
movie tonight and the ticket
is $10. As you enter the
theater, you discover that
have lost $10 bill on the
way. Would you still pay
$10 for a ticket for the
movie?

Case 2: A. Yes
Case 2: B. No

(Kahneman & Tversky, 1984, p. 347)
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Fifth Quiz

Choose between getting $900 for sure or a 90 percent chance of

getting $1,000.

A. Getting 5900

B. 90 percent chance of getting $1,000

(Kahneman, 2011, p. 271)
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Sixth Quiz

Choose between losing $900 for sure or a 90 percent chance of losing
$1,000.

A. Losing $900

B. 90 percent chance of losing $1,000

C. Whatever

(Kahneman, 2011, p. 271)
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Seventh Quiz

There are two programs in a high school. Boys are a majority (65%)
in program A, and a minority (45%) in program B. There is an equal

number of classes in each of the two programs. You enter a class at
random, and observe that 55% of the students are boys. What is your
best guess-does the class belong to program A or to program B?

A. A program

B. B program

(Kahneman & Tversky, 1972, p. 433)
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Eighth Quiz

On each round of a game, 20 marbles are distributed at random
among five children: Alan, Ben, Carl, Dan, and Ed. Consider the
following distributions:

I II

Alan 4 Alan 4
Ben 4 Ben 4
Carl 5 Carl 4

Dan 4 Dan 4
Ed 3 Ed 4
In many rounds of the game, will there be more results of type I or of

type 1I?

A.TYPE |

B. TYPE Il

(Kahneman & Tversky, 1972, p. 434)
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Ninth Quiz

All the families having exactly six children in a particular city were

surveyed. In 72 families, the exact order of births of boys (B) and
girls (G) was G B G B B G. What is your estimate of the number of
families surveyed in which the exact order of births was B G B B B

B? Choose the closest to your answer.

A. 18

II
~J
N

D. 102

(Kahneman & Tversky, 1972, p. 432)
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Appendix C

C. Confidence rating scale.

10-25% 30-45% 50-65% 70-85% 90-100%

Not confident Slightly Somewhat Fairly Completely
at all confident confident confident confident
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Appendix D

D. Answers of the machine.

FIRST QUIZ
Ql Al

THE RIGHT ANSWER IS OPTION A.

Unconditional probability is the probability of an event regardless of

the preceding or future occurrence of other events. In simplest terms,
unconditional probability is simply the probability of an event
occurring, that is, the number of favorable outcomes divided by the
total number of outcomes possible. With that being said, the

robability of Jack being an engineer is 30% because, there is no
tangible evidence correlatin ossible outcome and the

occurrence of the other conditions.
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Q1 A2

THE RIGHT ANSWER IS OPTION A.
is the probability of an
event regardless of the preceding or future
occurrence of other events. In simplest terms,
unconditional probability is simply the probability of
an event occurring, that is, the number of favorable

outcomes divided by the total number of outcomes

possible. With that being said, the probability of
Jack being an engineer is 30% because, there is
no tangible evidence correlating the possible

outcome and the occurrence of the other

conditions.

ON THE CONTRARY, we could not apply
standard deviation because it’s a measure of
the amount of variation or dispersion of a set of
values. A low standard deviation indicates that
the values tend to be close to the mean of the
set, while a high standard deviation indicates
that the values are spread out over a wider
range. In that case the standard deviation of the

specialty of the 100 professions would be:

(70 + 30)/2 = 50, [(70- 50)2 + (30 - 50)2] /1 =
800/1 = 800 = V800 = 28.284271247462.
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Ql A3

THE RIGHT ANSWER IS OPTION A.
is the probability of an
event regardless of the preceding or future
occurrence of other events. In simplest terms,
unconditional probability is simply the probability of
an event occurring, that is, the number of favorable

outcomes divided by the total number of outcomes

possible. With that being said, the probability of
Jack being an engineer is 30% because, there is
no tangible evidence correlating the possible

outcome and the occurrence of the other

conditions.

ON THE OTHER SIDE, in probability theory,

is a measure of the
probability of an event occurring, given that another
event (by assumption, presumption, assertion or
evidence) has already occurred. In our case we have
four variables/events (no interest in political and

social issues, home carpentry, sailing, and

mathematical puzzles). If we had evidence at least

for one of the abovementioned variables and that is,
engineers who play mathematical puzzles = 0.41 and
people who play mathematical puzzles = 0.86 then,
we would have 041 / 0.86 = 47.7%. Thus, the
probability of Jack being an engineer would be

47.7%.

95



Ql A4

THE RIGHT ANSWER IS OPTION A. THEORY APPLIED: Unconditional probability

Example 1: If a die lands on the number five 15 times out of 60, the unconditional
probability of landing on the number five is 25% (15 outcomes /60 total lots = 0.25).

Example 2: The chance of a fair coin flip being heads has an unconditional probability of
50% (1/2) regardless of how many coin flips preceded it, nor if some other event had
occurred. Each toss of a coin is a perfect isolated thing. What it did in the past will not
affect the current toss. The chance is simply 1-in-2, or 50%, just like ANY toss of the coin.

So each toss is an Independent Event.

Example 3: Let's examine a group of stocks and their returns. A stock can either be a

winner, which earns a positive return, or a loser, which has a negative returns. Say that out

of five stocks, stocks A and B are winners, while stocks C, D, and E are losers. What, then,
is the unconditional probability of choosing a winning stock? Since two outcomes out of a
possible five will produce a winner, the unconditional probability is 2 successes divided by

5 total outcomes (2 / 5 = 0.4), or 40%.
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Ql A5

THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Unconditional probability
il: If a die lands on the number five 15

times out of 60, the unconditional probability of
landing on the number five is 25% (15 outcomes /60

total lots = 0.25).

THEORY THAT CANNOT BE APPLIED: Standard

deviation

There are 39 plants in the garden. A

few plants were selected randomly and their
heights in cm were recorded as follows: 51, 38,
79, 46, 57. Calculate the variation (standard
deviation) of their heights. Solution:
N = 5, Mean = (51+38+79+46+57)/5 = 54.2, Standard
Deviation= V(51—54.2)2+(38—54.2)2+(79—54.2)2+(46—54.
2)2+(57-54.2)24(51-54.2)2+(38—54.2)2+(79—54.2)2+(46
—54.2)2+(57-54.2)24 = 15.5
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THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Unconditional probability

[heninuls P The chance of a fair coin flip being
heads has an unconditional probability of 50% (1/2)

regardless of how many coin flips preceded it, nor if

some other event had occurred. Each toss of a coin
is a perfect isolated thing. What it did in the past,
will not affect the current toss. The chance is simply
1-in-2, or 50%, just like ANY toss of the coin. So

each toss is an Independent Event.

THEORY THAT CANNOT BE APPLIED: Standard

deviation

In a class of 50, 4 students were

selected at random and their total marks in the
final assessments are recorded, which are: 812,
836, 982, 769. Find the variation (standard
deviation) of their marks. Solution:
N = 4, Sample Mean = (812+836+982+769)/4 = 849.75,
Variance = [(812 - 849.75)2 + (836 - 849.75)> + (982 -
849.75)2 + (769 - 849.75)?] /3 = 92.4, Standard Deviation =
V92.4=2+23.1=9.6
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THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Unconditional probability
[heqmuls Ef Let's examine a group of stocks and

their returns. A stock can either be a winner, which
earns a positive return, or a loser, which has a
negative returns. Say that out of five stocks, stocks A
and B are winners, while stocks C, D, and E are
losers. What, then, is the unconditional probability
of choosing a winning stock? Since two outcomes
out of a possible five will produce a winner, the
unconditional probability is 2 successes divided by 5

total outcomes (2 / 5 = 0.4), or 40%.

THEORY THAT CANNOT BE APPLIED: Standard

deviation

A market researcher is analyzing the
results of a recent customer survey that ranks a
product from 1 to 10. He wants to have some
measure of the reliability of the answers received
in the survey in order to predict how a larger
group of people might answer the same questions.

Solution:

Scores for the survey: 9, 7, 10, 8,9, 7, 8, and 9. Mean: 8.4.
Variance: 1.12. Standard Deviation =1.06. The standard
deviation 1s 1.06, which is somewhat low. The researcher
now knows that the results of the sample size are probably

reliable.
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Q1 _A6

THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Unconditional probability
il: If a dic lands on the number five 15

times out of 60, the unconditional probability of

landing on the number five is 25% (15 outcomes /60

total lots = 0.25).

THEORY THAT CANNOT BE APPLIED:
Conditional Probability

Example 1: Given that you drew a red card, what's
the probability that it's a four (fourlred) = 2/26=
1/13. So out of the 26 red cards (given a red card),
there are two fours so 2/26=1/13.

100



THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Unconditional probability

[peainul: P8 The chance of a fair coin flip being
heads has an unconditional probability of 50% (1/2)
regardless of how many coin flips preceded it, nor if
some other event had occurred. Each toss of a coin

is a perfect isolated thing. What it did in the past,

will not affect the current toss. The chance is simply

1-in-2, or 50%, just like ANY toss of the coin. So

each toss is an Independent Event.

THEORY THAT CANNOT BE APPLIED:
Conditional Probability

Event A is that an individual applying
for college will be accepted. There is an 80% chance
that this individual will be accepted to college.
Event B is that this individual will be given
dormitory housing. Dormitory housing will only be
provided for 60% of all of the accepted students.
(Dormitory Housing | Accepted) = (0.60)*(0.80) =
0.48.
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THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Unconditional probability
[peuls EE Let's examine a group of stocks and

their returns. A stock can ecither be a winner, which
earns a positive return, or a loser, which has a
negative returns. Say that out of five stocks, stocks A
and B arc winners, while stocks C, D, and E are
losers. What, then, is the unconditional probability
of choosing a winning stock? Since two outcomes
out of a possible five will produce a winner, the
unconditional probability is 2 successes divided by 5

total outcomes (2 / 5 = 0.4), or 40%.

THEORY THAT CANNOT BE APPLIED:
Conditional Probability

There are 2 blue and 3 red marbles in a
bag. What are the chances of getting a blue marble?
The chance is 2 in 5. But after taking one out, the
chances change! So the next time: probability
marbles if we got a red marble before, then the
chance of a blue marble next is 2 in 4 probability
marbles if we got a blue marble before, then the

chance of a blue marble nextis 1 in 4.
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Q1 A7

THE RIGHT ANSWER IS OPTION A. THEORY APPLIED: Unconditional probability

Example: The chance of a fair coin flip being heads has an unconditional probability of

50% (1/2) regardless of how many coin flips preceded it, nor if some other event had

occurred. Each toss of a coin is a perfect isolated thing. What it did in the past, will not

affect the current toss. The chance is simply 1-in-2, or 50%, just like ANY toss of the coin.

So each toss is an Independent Event.
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Q1 A8

THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Unconditional probability
The chance of a fair coin flip being heads

has an unconditional probability of 50% (1/2)
regardless of how many coin flips preceded it, nor if
some other event had occurred. Each toss of a coin
is a perfect isolated thing. What it did in the past,
will not affect the current toss. The chance is simply
1-in-2, or 50%, just like ANY toss of the coin. So

each toss is an Independent Event.

THEORY THAT CANNOT BE APPLIED: Standard
deviation

A market researcher is analyzing the
results of a recent customer survey that ranks a
product from 1 to 10. He wants to have some
measure of the reliability of the answers received
in the survey in order to predict how a larger
group of people might answer the same questions.
Solution:

Scores for the survey: 9, 7, 10, 8,9, 7, 8, and 9.
Mean: 8.4.

Variance: 1.12

Standard Deviation =1.06

The standard deviation is 1.06, which is somewhat
low. The researcher now knows that the results of
the sample size are probably reliable.
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Q1 A9

THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Unconditional probability

The chance of a fair coin flip being heads
has an unconditional probability of 50% (1/2)
regardless of how many coin flips preceded it, nor if
some other event had occurred. Each toss of a coin

is a perfect isolated thing. What it did in the past,

will not affect the current toss. The chance is simply

1-in-2, or 50%, just like ANY toss of the coin. So

each toss is an Independent Event.

THEORY THAT CANNOT BE APPLIED:
Conditional Probability

Given that you drew a red card, what's the
probability that it's a four (p (four|red)) = 2/26=
1/13. So out of the 26 red cards (given a red card),
there are two fours so 2/26=1/13. The fact that you

drew a red card before affected the future outcome.
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SECOND QUIZ

Q2 Al

THE RIGHT ANSWER IS OPTION B.

The Central Limit Theorem states that the sampling distribution of the sample means

approaches a normal distribution as the sample size gets larger, no matter what the shape of

the population distribution. This fact holds especially true for sample sizes over 30. Thus,

the expected number of days in which more than 60 percent of the babies are boys is
much greater in the small hospital than in the large one, because a large sample is less

likely to stray from 50 percent. For the small hospital we have: 15 x 365=5.475, [(1/2),
(1/4) x (1/5475) = (0.5, 0.00004566) and for the small hospital we have: 45 x 365=16.425,

[(1/2),(1/4) x (1/16425) = (0.5, 0.0000152).
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Q2 A2

THE RIGHT ANSWER IS OPTION B.
The states that the sampling
distribution of the sample means approaches a normal
distribution as the sample size gets larger, no matter
what the shape of the population distribution. This fact

holds especially true for sample sizes over 30. Thus,

the expected number of days in which more than 60
percent of the babies are boys is much greater in the
small hospital than in the large one, because a large

sample is less likely to stray from 50 percent. For the
small hospital we have: 15 x 365= 5.475, [(1/2), (1/4) x

(1/5475) = (0.5, 0.00004566) and for the small hospital
we have: 45 x 365=16.425, [(1/2),(1/4) x (1/16425) =
(0.5, 0.0000152).

CONTRALILY, 1s a statistical
measure that could not be applied here because it
calculates the likelihood of two events occurring
together and at the same point in time. Joint probability

is the probability of event Y occurring at the same time

that event X occurs. If we suppose that the small

hospital tomorrow will has %2 probability to exceed the

60% then we also suppose that the big hospital will has
Y4 probability to exceed the 60% at the same day. For
this reason their joint probability for tomorrow would

be 12.5%.
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Q2 A3

THE RIGHT ANSWER IS OPTION B.
The states that the sampling
distribution of the sample means approaches a normal
distribution as the sample size gets larger, no matter
what the shape of the population distribution. This fact

holds especially true for sample sizes over 30. Thus,

the expected number of days in which more than 60
percent of the babies are boys is much greater in the
small hospital than in the large one, because a large

sample is less likely to stray from 50 percent. For the
small hospital we have: 15 x 365= 5.475, [(1/2), (1/4) x

(1/5475) = (0.5, 0.00004566) and for the small hospital
we have: 45 x 365=16.425, [(1/2),(1/4) x (1/16425) =
(0.5, 0.0000152).

ALTERNATIVELY, in probability theory, the

1s a theorem that describes the
result of performing the same experiment a large
number of times. According to the law, the
average of the results obtained from a large
number of trials should be close to the expected
value and tends to become closer to the expected

value as more trials are performed. In our case, if

we observe the number of boys that are born each

day in an extended period of time, the average
number will be closer to the expected value of 45
for the big hospital and 15 for the small hospital.

Obviously, this is not what has been requested.
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Q2 A4

THE RIGHT ANSWER IS OPTION B. THEORY APPLIED: Central Limit theorem

Example 1: Think about which is more likely: getting more than 60 percent heads in three flips of coin
or getting more than 60 percent heads in 3,000 flips. Half of the time, three flips will produce more than
60% heads. However, 10 flips will only produce more than 60% heads about 17% of the time. Three
thousands flips will produce more than 60% heads only .000001% of the time (odds of one in a million).

Example 2: A population of community college students includes inner city students (p = .33).
What is the probability that a random sample of 45 students from the population will have from
20% to 40% inner city students? The probability your random sample will have 20 — 40% inner city

students is 85.71%. Alternatively, If a certain group of welfare recipients receives SNAP benefits of
$110 per week with a standard deviation of $20. If a random sample of 25 people is taken, what is
the probability their mean benefit will be greater than $120 per week? The probability is 99.38%.

Example 3: Approximately 60% (p = 0.6.) of all part-time college students in the United States are
female What would you expect to see in terms of the behavior of a sample proportion of females, if
random samples of size 100 were taken from the population of all part-time college students? For
samples of 100, we would expect sample proportions of females not to stray too far from the population
proportion 0.6. Sample proportions lower than 0.5 or higher than 0.7 would be rather surprising. On the
other hand, if we were only taking samples of size 10, we would not be at all surprised by a sample
proportion of females even as low as 4/10 = 0.4, or as high as 8/10 = 0.8. Thus, sample size plays a role
in the spread of the distribution of sample proportion: there should be less spread for larger samples,
more spread for smaller samples.
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Q2 _AS

THE RIGHT ANSWER IS OPTION B.
THEORY APPLIED: Central Limit theorem

m Think about which is more likely:

getting more than 60 percent heads in three flips of

coin or getting more than 60 percent heads in 3,000

flips. Half of the time, three flips will produce more
than 60% heads. However, 10 flips will only
produce more than 60% heads about 17% of the
time. Three thousands flips will produce more than
60% heads only .000001% of the time (odds of one

in a million).

THEORY THAT CANNOT BE APPLIED:
Joint Probability
What is the joint probability of
rolling the number five twice in a fair six-sided
dice?
Event “A” = The probability of rolling a 5 in the first
roll is 1/6 = 0.1666.

Event “B” = The probability of rolling a 5 in the
second roll is 1/6 = 0.1666.

Therefore, the joint probability of event “A” and
“B” is (1/6) x (1/6) = 0.02777 = 2.8%.
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THE RIGHT ANSWER IS OPTION A.
THEORY APPLIED: Central Limit theorem

Example A population of community college
students includes inner city students (p = .33).
What is the probability that a random sample of
45 students from the population will have from

20% to 40% inner city students? The probability

your random sample will have 20 — 40% inner city

students is 85.71%. Alternatively, If a certain
group of welfare recipients receives SNAP
benefits of $110 per week with a standard
deviation of $20. If a random sample of 25 people
is taken, what is the probability their mean
benefit will be greater than $120 per week? The
probability is 99.38%.

THEORY THAT CANNOT BE APPLIED:
Joint Probability
What is the joint probability of

getting a head followed by a tail in a coin toss?

Event “A” = The probability of getting a head in the

first coin toss is 1/2 = 0.5.

Event “B” = The probability of getting a tail in the
second coin toss is 1/2 = 0.5.

Therefore, the joint probability of event “A’ and
“B”1is (1/2) x (1/2) = 0.25 = 25%.
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THE RIGHT ANSWER IS OPTION A.
THEORY APPLIED: Central Limit theorem

et & Approximately 60% (p = 0.6.) of all
part-time college students in the United States are
female. What would you expect to see in terms of
the behavior of a sample proportion of females, if
random samples of size 100 were taken from the
population of all part-time college students? For
samples of 100, we would expect sample
proportions of females not to stray too far from the
population proportion 0.6. Sample proportions lower
than 0.5 or higher than 0.7 would be rather
surprising. On the other hand, if we were only taking
samples of size 10, we would not be at all surprised
by a sample proportion of females even as low as
4/10 = 0.4, or as high as 8/10 = 0.8. Thus, sample
size plays a role in the spread of the distribution of
sample proportion: there should be less spread for
larger samples, more spread for smaller samples.

THEORY THAT CANNOT BE APPLIED:
Joint Probability
What is the joint probability of
drawing a number ten card that is black?

Event “A” = The probability of drawing a 10 = 4/52
=0.0769

Event “B” = The probability of drawing a black card
=26/52=0.50

Therefore, the joint probability of event “A” and
“B” is (4/52) x (26/52) = 0.0385 =3.9%.
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Q2 A6

THE RIGHT ANSWER IS OPTION B.
THEORY APPLIED: Central Limit theorem

Example] Think about which is more likely:
getting more than 60 percent heads in three flips of
coin or getting more than 60 percent heads in 3,000
flips. Half of the time, three flips will produce more
than 60% heads. However, 10 flips will only

produce more than 60% heads about 17% of the

time. Three thousands flips will produce more than
60% heads only .000001% of the time (odds of onc

in a million).

THEORY THAT CANNOT BE APPLIED:
Law of large numbers

An economist may collect a simple
random sample of 50 individuals in a town and use
the average annual income of the individuals in the
sample to estimate the average annual income of
individuals in the entire town. If the economist finds
that the average annual income of the individuals in
the sample is $58,000, then her best guess for the
true average annual income of individuals in the
entire town will be $58,000.
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THE RIGHT ANSWER IS OPTION A.
THEORY APPLIED: Central Limit theorem
Example] A population of community college
students includes inner city students (p = .33).
‘What is the probability that a random sample of

45 students from the population will have from

20% to 40% inner city students? The probability

your random sample will have 20 — 40% inner city

students is 85.71%. Alternatively, If a certain
group of welfare recipients receives SNAP
benefits of $110 per week with a standard
deviation of $20. If a random sample of 25 people
is taken, what is the probability their mean
benefit will be greater than $120 per week? The
probability is 99.38%.

THEORY THAT CANNOT BE APPLIED:
Law of large numbers
A biologist may measure the height of
30 randomly selected plants and then use the sample
mean height to estimate the population mean height.
If the biologist finds that the sample mean height of
the 30 plants is 10.3 inches, then her best guess for

the population mean height will also be 10.3 inches.
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THE RIGHT ANSWER IS OPTION A.
THEORY APPLIED: Central Limit theorem

heninnl: &8 Approximately 60% (p = 0.6.) of all
part-time college students in the United States are
female. What would you expect to see in terms of
the behavior of a sample proportion of females, if
random samples of size 100 were taken from the
population of all part-time college students? For
samples of 100, we would expect sample
proportions of females not to stray too far from the
population proportion 0.6. Sample proportions lower
than 0.5 or higher than 0.7 would be rather
surprising. On the other hand, if we were only taking
samples of size 10, we would not be at all surprised
by a sample proportion of females even as low as
4/10 = 0.4, or as high as 8/10 = 0.8. Thus, sample
size plays a role in the spread of the distribution of
sample proportion: there should be less spread for
larger samples, more spread for smaller samples.

THEORY THAT CANNOT BE APPLIED:
Law of large numbers
The HR department of some company
may randomly select 50 employees to take a survey
that assesses their overall satisfaction on a scale of 1
to 10. If it’s found that the average satisfaction
among employees in the survey is 8.5 then the best

guess for the average satisfaction rating of all

employees at the company is also 8.5.
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Q2 A7

THE RIGHT ANSWER IS OPTION B. THEORY APPIIED: Central Limit theorem

Example: Think about which is more likely: getting more than 60 percent heads in three flips of

coin or getting more than 60 percent heads in 3,000 flips. Half of the time, three flips will produce
more than 60% heads. However, 10 flips will only produce more than 60% heads about 17% of the
time. Three thousands flips will produce more than 60% heads only .000001% of the time (odds of

one in a million).
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Q2 A8

THE RIGHT ANSWER IS OPTION B.

THEORY APPLIED: Central Limit theorem

Think about which is more likely: getting

more than 60 percent heads in three flips of coin or
getting more than 60 percent heads in 3,000 flips.
Half of the time, three flips will produce more than
60% heads. However, 10 flips will only produce
more than 60% heads about 17% of the time. Three
thousands flips will produce more than 60% heads
only .000001% of the time (odds of one in a

million).

THEORY THAT CANNOT BE APPLIED:
Joint Probabilit
What is the joint probability of getting
a head followed by a tail in a coin toss?

Event “A” = The probability of getting a head in the

first coin toss is 1/2 =0.5.

Event “B” = The probability of getting a tail in the

second coin toss is 1/2 = 0.5.

Therefore, the joint probability of event “A” and
“B”is P(1/2) x P(1/2) = 0.25 = 25%.
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Q2 A9

THE RIGHT ANSWER IS OPTION B.

THEORY APPLIED: Central Limit theorem

Think about which is more likely: getting

more than 60 percent heads in three flips of coin or
getting more than 60 percent heads in 3,000 flips.
Half of the time, three flips will produce more than
60% heads. However, 10 flips will only produce
more than 60% heads about 17% of the time. Three
thousands flips will produce more than 60% heads
only .000001% of the time (odds of one in a

million).

THEORY THAT CANNOT BE APPLIED:
Law of Large Numbers

The HR department of some company
may randomly select 50 employees to take a survey
that assesses their overall satisfaction on a scale of 1
to 10. If it’s found that the average satisfaction
among employees in the survey is 8.5 then the best
guess for the average satisfaction rating of all

employees at the company is also 8.5.

118



THIRD QUIZ

Q3_Al

THE RIGHT ANSWER IS OPTION B.

The law of likelihood, that is, the notion that the extent to which the evidence supports one

parameter value or hypothesis against another is indicated by the ratio of their likelihoods, their

likelihood ratio. By applying this rule in our case and by assuming equal prior probabilities,

the first person's posterior would be 8:1, while the second person's would be 16:1. We can

translate these into probabilities of 8/9 and 16/17. With that being said, the second person

should be more confident.
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Q3_A2

THE RIGHT ANSWER IS OPTION B.

The BN [ [MEANNL, that is, the notion that the
extent to which the evidence supports one parameter
value or hypothesis against another is indicated by

the ratio of their likelihoods, their likelihood ratio.

By applying this rule in our case and by assuming
equal prior probabilities, the first person's

osterior would be 8:1. while the second person's

would be 16:1. We can translate these into

probabilities of 8/9 and 16/17. With that being
said, the second person should be more confident.

ON CONTRAST, isa
numerical measure of some type of correlation,
meaning a statistical relationship between two
variables. The variables may be two columns of a
given data set of observations, often called a sample,
or two components of a multivariate random
variable with a known distribution. Obviously, this
is not the right strategy of resolving this arithmetical
problem because we don’t search for the statistical
correlation between the first and the second case
scenario.
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Q3 A3

THE RIGHT ANSWER IS OPTION B.

The [F30 Y [MREMNNY, that is, the notion that the
extent to which the evidence supports one parameter
value or hypothesis against another is indicated by

the ratio of their likelihoods, their likelihood ratio.

By applying this rule in our case and by assuming
equal prior probabilities, the first person's
posterior would be 8:1. while the second person's
would be 16:1. We can translate these into
probabilities of 8/9 and 16/17. With that being
said, the second person should be more confident.

ON THE FLIP SIDE, the of an event is

the number of favorable outcomes divided by the
total number of outcomes possible. In our example

we could not apply this rule because we do not have
enough data in the hypothesis stage and thus, we
have to use our given data to create a hypothesis, for
example which urn contains more red balls. Having

said that, 10 11! T BeiEN ¥8 11, the data are a given

and the hypotheses vary.

121



Q3 A4

THE RIGHT ANSWER IS OPTION A. THEORY APPLIED: Likelihood theorem

Example 1: Amy has two bags. Bag I has 7 red and 4 blue balls and bag II has 5 red and 9 blue balls. Amy
draws a ball at random and it turns out to be red. Determine the probability that the ball was from the bag I.
The probability of choosing a bag for drawing a ball 1s 5. Since there are 7 red balls out of a total of 11 balls in the
bag I, therefore, drawing a red ball from the bag I= 7/11. Similarly, drawing a red ball from bag II = 5/14. Then, we

will use Bayes Theorem and we have the following: [((7/11) (1/2))/ (7/11) (1/2) + (5/14) (1/2)] = 0.64. Hence, the
probability that the ball 1s drawn 1s from bag I 1s 0.64.

Example 2: Assume that the chances of a person having a skin disease are 40%. Assuming that skin creams
and drinking enough water reduces the risk of skin disease by 30% and prescription of a certain drug
reduces its chance by 20%. At a time, a patient can choose any one of the two options with equal
probabilities. It is given that after picking one of the options, the patient selected at random has the skin
disease. Find the probability that the patient picked the option of skin screams and drinking enough water.

A) The patient uses skin creams and drinks enough water = 5, and B) the patient uses the drug = %. Using the
probabilities known to us, we have: The selected patient has the skin discase for the case A= 0.4 x (1-0.3)=0.28
and for the case B = 0.4 x (1-0.2) = 0.32. Using Bayes Theorem, the probability that the selected patient uses skin

creams and drinks enough water 1s (0.28 x 0.5)/(0.28 x 0.5 + 0.32 x 0.5) = 0.14/(0.14 + 0.16) = 0.47. Thus, the

probability that the patient picked the first option is 0.47.

Example 3: A man is known to speak the truth 3/4 times. He draws a card and reports it is king. Find the
probability that it is actually a king. The probability that king is drawn = %. The probability that the king is not
drawn = %4. The probability that the man says the truth that king 1s drawn when actually king is drawn = %. The
probability that the man lies that king 1s drawn when actually king is drawn = %. By using Bayes Theorem, the
probability that it is actually a king = [1/4 x 3/4] < [(1/4 x 3/4) + (1/4 x 3/4)] =3/16 +12/16 = 3/16 x 16/12 =1/2 =
0.5. Thus, the probability that the drawn card is actually a king = 0.5.
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Q3 AS

THE RIGHT ANSWER IS OPTION A.
THEORY APPLIED: Likelihood theorem

peninls il: Amy has two bags. Bag I has 7 red
and 4 blue balls and bag II has 5 red and 9 blue
balls. Amy draws a ball at random and it turns
out to be red. Determine the probability that the
ball was from the bag 1. The probability of
choosing a bag for drawing a ball is *2. Since there
are 7 red balls out of a total of 11 balls in the bag I,
therefore, drawing a red ball from the bag I= 7/11.
Similarly, drawing a red ball from bag II = 5/14.
Then, we will use Bayes Theorem and we have the

following: [((7/11) (1/2))/ (7/11) (1/2) + (5/14) (1/2)]

= (0.64. Hence, the probability that the ball is drawn

is from bag I is 0.64.

THEORY THAT CANNOT BE APPLIED:
Correlation Coefficient

: A survey was conducted in your city.
Given is the following sample data containing a
person’'s age and their corresponding income.
Find out whether the increase in age has an effect on
income. The results showed that with the increase in
age, a person's income increases as well, since the
Pearson correlation coefficient between age and
income is very close to 1.
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THE RIGHT ANSWER IS OPTION A.
THEORY APPLIED: Likelihood theorem

henul 2B Assume that the chances of a person
having a skin disease are 40%. Assuming that
skin creams and drinking enough water reduces
the risk of skin disease by 30% and prescription
of a certain drug reduces its chance by 20%. At a
time, a patient can choose any one of the two
options with equal probabilities. It is given that
after picking one of the options, the patient
selected at random has the skin disease. Find the
probability that the patient picked the option of
skin screams and drinking enough water. A) The
patient uses skin creams and drinks enough water =
¥, and B) the patient uses the drug = 4. Using the
probabilities known to us, we have: The selected
patient has the skin disease for the case A = 0.4 x (1-
0.3) = 0.28 and for the case B=0.4 x (1-0.2) = 0.32.
Using Bayes Theorem, the probability that the
selected patient uses skin creams and drinks enough
water is (0.28 x 0.5)/(0.28 x 0.5 + 0.32 x 0.5) =
0.14/(0.14 + 0.16) = 0.47. Thus, the probability that
the patient picked the first option is 0.47.

THEORY THAT CANNOT BE APPLIED:
Correlation Coefficient

Suppose that the prices of coffee and
computers are observed and found to have a
correlation of +.0008. This means that there is no
correlation, or relationship, between the two
variables.
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THE RIGHT ANSWER IS OPTION A.

THEORY APPLIED: Likelihood theorem

[Betnols B A man is known to speak the truth

3/4 times. He draws a card and reports it is king.
Find the probability that it is actually a king. The
probability that king is drawn = Y. The probability
that the king is not drawn = %. The probability that
the man says the truth that king is drawn when
actually king is drawn = %. The probability that the
man lies that king is drawn when actually king is
drawn = . By using Bayes Theorem, the
probability that it is actually a king = [1/4 x 3/4] +
[(1/4 x 3/4) + (1/4 x 3/4)] = 3/16 +12/16 = 3/16 x
16/12 =1/2 = 0.5. Thus, the probability that the
drawn card is actually a king = 0.5.

THEORY THAT CANNOT BE APPLIED:
Correlation Coefficient

Suppose the value of oil prices is
directly related to the prices of airplane tickets, with
a correlation coefficient of +0.95. The relationship
between oil prices and airfares has a very strong
positive correlation since the value is close to +1.
So, if the price of oil decreases, airfares also
decrease, and if the price of oil increases, so do the
prices of airplane tickets.
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Q3 A7

THE RIGHT ANSWER IS OPTION A. THEORY APPLIED: Likelihood theorem

Example: Amy has two bags. Bag I has 7 red and 4 blue balls and bag II has 5 red and 9 blue balls.
Amy draws a ball at random and it turns out to be red. Determine the probability that the ball was
from the bag 1. The probability of choosing a bag for drawing a ball is %2. Since there are 7 red balls out of a
total of 11 balls in the bag I, therefore, drawing a red ball from the bag [= 7/11. Similarly, drawing a red ball

from bag II = 5/14. Then, we will use Bayes Theorem and we have the following: [((7/11) (1/2))/ (7/11) (1/2)
+(5/14) (1/2)] = 0.64. Hence, the probability that the ball is drawn is from bag I is 0.64.
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Q3 A8

THE RIGHT ANSWER IS OPTION A.
THEORY APPLIED: Likelihood theorem

Amy has two bags. Bag I has 7 red and
4 blue balls and bag Il has 5 red and 9 blue balls.
Amy draws a ball at random and it turns out to
be red. Determine the probability that the ball
was from the bag I. The probability of choosing a
bag for drawing a ball is ‘5. Since there are 7 red
balls out of a total of 11 balls in the bag I, therefore,
drawing a red ball from the bag I= 7/11. Similarly,
drawing a red ball from bag II = 5/14. Then, we will

use Bayes Theorem and we have the following:
[((7/11) (1/2))/ (7/11) (1/2) + (5/14) (1/2)] = 0.64.
Hence, the probability that the ball is drawn is from
bag [ is 0.64.

THEORY THAT CANNOT BE APPLIED:

Correlation Coefficient

: Suppose the value of oil prices is directly
related to the prices of airplane tickets, with a
correlation coefficient of +0.95. The relationship
between oil prices and airfares has a very strong
positive correlation since the value is close to +1.
So, if the price of oil decreases, airfares also
decrease, and if the price of oil increases, so do the

prices of airplane tickets.
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Q3 A9

THE RIGHT ANSWER IS OPTION A.
THEORY APPLIED: Likelihood theorem

Amy has two bags. Bag I has 7 red and
4 blue balls and bag II has 5 red and 9 blue balls.
Amy draws a ball at random and it turns out to
be red. Determine the probability that the ball
was from the bag 1. The probability of choosing a
bag for drawing a ball is *. Since there are 7 red

balls out of a total of 11 balls in the bag I, therefore,

drawing a red ball from the bag I= 7/11. Similarly,

drawing a red ball from bag II = 5/14. Then, we will
use Bayes Theorem and we have the following:
[((7/11) (172))/ (7/11) (1/2) + (5/14) (1/2)] = 0.64.
Hence, the probability that the ball is drawn is from
bagIis 0.64.

THEORY THAT CANNOT BE APPLIED:
Probability Theory

: Suppose the probability of obtaining a
number 4 on rolling a fair dice needs to be
established. The number of favorable outcomes is 1.
The possible outcomes of the dice are {1, 2, 3, 4, 5,
6}. This implies that there are a total of 6 outcomes.
Thus, the probability of obtaining 4 on a dice roll,
using probability theory, can be computed as 1 / 6 =
0.167.
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FORTH QUIZ

Q4 Al

THE RIGHT ANSWER IS A-A OR B-B.

The expected utility of an action to an agent, is calculated by multiplying the value to the agent of each

possible outcome of the action by the probability of that outcome occurring and then summing those

numbers. The concept of expected utility is used to elucidate decisions made under conditions of risk.

According to standard decision theory, when comparing alternative courses of action, one should choose the

action that has the greatest expected utility. Thus, between both cases your answers should be equivalent
because you’ve lost $10, either in the form of a $10 bill or a $10 ticket.
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Q4 A2

THE RIGHT ANSWER IS A-A OR B-B.
The fATiliiay of an action to an agent, is
calculated by multiplying the value to the agent of
cach possible outcome of the action by the
probability of that outcome occurring and then
summing those numbers. The concept of expected
utility is used to eclucidate decisions made under
conditions of risk. According to standard decision
theory, when comparing alternative courses of

action, one should choose the action that has the

greatest expected utility. Thus, between both cases

your answers should be equivalent because

you’ve lost $10, either in the form of a $10 bill or
a $10 ticket.

DIFFIRENTLY, a sequence of numbers that

identifies items as belonging to mutually exclusive

categories can be represented through a

‘When the number sequence has a meaningful
order a categorical scale is more precisely called an
ordinal scale; when it is devoid of such meaningful
order it is known as a nominal scale. Here, we are
not interested in categorizing our data but to find the

most valuable option.
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Q4 A3

THE RIGHT ANSWER IS A-A OR B-B.
The MMl of an action to an agent, is
calculated by multiplying the value to the agent of
each possible outcome of the action by the
probability of that outcome occurring and then
summing those numbers. The concept of expected
utility is used to elucidate decisions made under
conditions of risk. According to standard decision

theory, when comparing alternative courses of

action, one should choose the action that has the

greatest expected utility. Thus, between both cases

your answers should be equivalent because

you’ve lost $10, either in the form of a $10 bill or
a $10 ticket.

The says that investors value gains
and losses differently, placing more weight on
perceived gains versus perceived losses. An investor
presented with a choice, both equal, will choose the
one presented in terms of potential gains. On the
other hand, Utilitygatheor iR i
individuals will choose the outcome which gives
maximum utility given the probability of outcomes.
For this reason, is not the chosen
one because, it allows for the fact that individuals
may choose a decision which doesn't necessarily

maximize utility because they place other

considerations above utility.
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Q4 A4

THE RIGHT ANSWER IS A-A OR B-B (you’ve lost $10, either in the form of a $10 bill or a $10 ticket).
THEORY APPLIED: Expected Utility

Example 1: Purchasing a lottery ticket represents two possible outcomes for the buyer. They could end up
losing the amount they invested in buying the ticket, or they could end up making a smart profit by winning
either a portion of the entire lottery. Assigning probability values to the costs involved (in this case, the
nominal purchase price of a lottery ticket), it is not difficult to see that the expected utility to be gained from
purchasing a lottery ticket is greater than not buying it.

Example 2: Suppose we decide to study for three years to try and gain an economic degree. A good
degree is likely to lead to a higher paying job but there is no guarantee. We may fail the degree or the

jobs market may turn against a surplus of graduates. Therefore, we may estimate we have a 0.7 chance
of gaining an extra $250,000 earnings in our lifetime. In this case, the expected utility of an economics
degree is $175,000.

Example 3: Suppose: A lottery ticket costs $20. The probability of winning the $2000 prize is 0.5%.
The likely value from having a lottery ticket will be the outcome x probability of the event occurring.
Therefore, expected value = 0.005 x 2000 = $10. The expected value of owning a lottery ticket is $10. With
an infinite number of events, on average, this is the likely payout. Of course, we may be lucky or maybe
unlucky if we play only once. Since the ticket costs $20, it seems an illogical decision to buy — because the
expected value of buying a ticket is $10 — a smaller figure than the cost of purchase $20.
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Q4 _AS

THE RIGHT ANSWER IS A-A OR B-B (vou’ve
lost $10, either in the form of a $10 bill or a $10

ticket). THEORY APPLIED: Expected Utility
pennls [l: Purchasing a lottery ticket represents

two possible outcomes for the buyer. They could end
up losing the amount they invested in buying the
ticket, or they could end up making a smart profit by
winning either a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

: After rendering service to customers,
businesses like to get feedback from customers
regarding their service to improve. For example:
Kindly rate your customer service experience with
us:

Very poor
Poor
Neutral
Good
Very good

The above is an example of an ordinal data
collection process. The responses have a specific

order to them, listed in ascending order.
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THE RIGHT ANSWER IS A-A OR B-B (vou’ve
lost $10. either in the form of a $10 bill or a $10

ticket). THEORY APPLIED: Expected Utility
el P2 Suppose we decide to study for three

years to try and gain an economic degree. A good
degree is likely to lead to a higher paying job but
there is no guarantee. We may fail the degree or
the jobs market may turn against a surplus of
graduates. Therefore, we may estimate we have a
0.7 chance of gaining an extra $250,000 earnings in
our lifetime. In this case, the expected utility of an

economics degree is $175,000.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

The level of education of a
respondent may be requested for when filling
forms for job applications, admission, training
etc. This is used to assess their qualification for a
specific role. Consider the example below: What

is your highest level of education?
School SAT

High School

BSec.

MSc.

PhD

This is also a closed-ended nominal data example.
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THE RIGHT ANSWER IS A-A OR B-B (you’ve
lost $10. either in the form of a $10 bill or a $10

ticket). THEORY APPLIED: Expected Utility

peinls & Suppose: A lottery ticket costs $20.
The probability of winning the $2000 prize is
0.5%. The likely value from having a lottery
ticket will be the outcome x probability of the
event occurring. Therefore, expected value =
0.005 x 2000 = $10. The expected value of owning a
lottery ticket is $10. With an infinite number of
events, on average, this is the likely payout. Of
course, we may be lucky or maybe unlucky if we
play only once. Since the ticket costs $20, it scems
an illogical decision to buy — because the expected
value of buying a ticket is $10 — a smaller figure
than the cost of purchase $20.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

Respondents are asked for their
gender when filling out a biodata. This is mostly
categorized as male or female, but may also be

nonbinary. For example:

What is your gender?

WEIS

Female

This is a binary and closed-ended nominal data
example.
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Q4 A6

THE RIGHT ANSWER IS A-A OR B-B (you’ve
lost $10, either in the form of a $10 bill or a $10

ticket). THEORY APPLIED: Expected Utility
[pentnls [l Purchasing a lottery ticket represents

two possible outcomes for the buyer. They could end
up losing the amount they invested in buying the
ticket, or they could end up making a smart profit by
winning either a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.

THEORY THAT CANNOT BE APPLIED:
Prospect Theory
: There are two options. Option 1 gives
the recipient $50. Option 2 gives the recipient $100
but then takes away $50. The end outcome is that
both provide a net gain of $50. Yet option 1 is
preferred as it provides the recipient with a

perceived net gain that avoids the pain of a loss.
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THE RIGHT ANSWER IS A-A OR B-B (you’ve

lost $10, either in the form of a $10 bill or a $10
ticket). THEORY APPLIED: Expected Utility
Suppose we decide to study for three

years to try and gain an economic degree. A good

degree is likely to lead to a higher paying job but
there is no guarantee. We may fail the degree or
the jobs market may turn against a surplus of
graduates. Therefore, we may estimate we have a
0.7 chance of gaining an extra $250,000 earnings in
our lifetime. In this case, the expected utility of an

economics degree is $175,000.

THEORY THAT CANNOT BE APPLIED: Prospect
Theory

One advisor may present a mutual fund
to a potential investor, claiming that it has had good
returns over the last decade but also that it has been
declining in the last two years. Another advisor may
present the same fund and report that it has had an
average return of 15% over the past three years.
Investors would be much more likely to invest with
the second advisor, as the fund was presented only in
terms of gains.
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THE RIGHT ANSWER IS A-A OR B-B (you’ve
lost $10, either in the form of a $10 bill or a $10

ticket). THEORY APPLIED: Expected Utility

hennuls £ Suppose: A lottery ticket costs $20.
The probability of winning the $2000 prize is
0.5%. The likely value from having a lottery
ticket will be the outcome x probability of the
event occurring. Therefore, expected value =
0.005 x 2000 = $10. The expected value of owning a
lottery ticket is $10. With an infinite number of
events, on average, this is the likely payout. Of
course, we may be lucky or maybe unlucky if we
play only once. Since the ticket costs $20, it seems
an illogical decision to buy — because the expected
value of buying a ticket is $10 — a smaller figure
than the cost of purchase $20.

THEORY THAT CANNOT BE APPLIED: Prospect
Theory

Assume that a lottery provides two
options, A and B. Option A provides a guaranteed
win of $100 while option B provides the possibility
of winning $200, with a 70% chance of winning and
30% chance of losing. Most people will choose

option A since it provides a guaranteed win, even
though it offers a lower return compared to B.
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Q4 A7

THE RIGHT ANSWER IS A-A OR B-B (you’ve lost $10. either in the form of a $10 bill or a $10 ticket).
THEORY APPLIED: Expected Utility

Example: Purchasing a lottery ticket represents two possible outcomes for the buyer. They could end up

losing the amount they invested in buying the ticket, or they could end up making a smart profit by winning
either a portion of the entire lottery. Assigning probability values to the costs involved (in this case, the
nominal purchase price of a lottery ticket), it is not difficult to see that the expected utility to be gained from

purchasing a lottery ticket is greater than not buying it.
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Q4 A8

THE RIGHT ANSWER IS A-A OR B-B (vou’ve
lost $10. either in the form of a $10 bill or a $10

ticket). THEORY APPLIED: Expected Utility

Purchasing a lottery ticket represents two

possible outcomes for the buyer. They could end up
losing the amount they invested in buying the ticket,
or they could end up making a smart profit by
winning either a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

After rendering service to customers,
businesses like to get feedback from customers
regarding their service to improve. For example:
Kindly rate your customer service experience with
us:

Very poor
Poor
Neutral
Good
Very good

The above is an example of an ordinal data
collection process. The responses have a specific
order to them, listed in ascending order.
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Q4 A9

THE RIGHT ANSWER IS A-A OR B-B (you’ve
lost $10, either in the form of a $10 bill or a $10

ticket). THEORY APPLIED: Expected Utility

Purchasing a lottery ticket represents two

possible outcomes for the buyer. They could end up
losing the amount they invested in buying the ticket,
or they could end up making a smart profit by
winning ecither a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.

THEORY THAT CANNOT BE APPLIED:

Prospect theory

There are two options. Option 1 gives the
recipient $50. Option 2 gives the recipient $100 but
then takes away $50. The end outcome is that both
provide a net gain of $50. Yet option 1 is preferred
as it provides the recipient with a perceived net gain

that avoids the pain of a loss.
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FIFTH QUIZ

Q5 Al

THE RIGHT ANSWER IS OPTION B.

The expected utility of an action to an agent, is calculated by multiplying the value to the agent of each
possible outcome of the action by the probability of that outcome occurring and then summing those
numbers. The concept of expected utility is used to elucidate decisions made under conditions of risk.

According to standard decision theory, when comparing alternative courses of action, one should choose the

action that has the greatest expected utility. In our situation, the expected utility is the same for both

choosing option B.

Sure loss (100%) = -$900 > Expected Value= -$900
[Possible loss (90%) = -$1000

Neutral (10%) 2> $0] > Expected Value = (-$1000x0.9) + ($0x0.1) = -$900
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Q5_A2

THE RIGHT ANSWER IS OPTION B.
The MTHHaY of an action to an agent, is
calculated by multiplying the value to the agent of
each possible outcome of the action by the
probability of that outcome occurring and then
summing those numbers. The concept of expected
utility is used to elucidate decisions made under
conditions of risk. According to standard decision
theory, when comparing alternative courses of
action, one should choose the action that has the
greatest expected utility. Im our situation, the

expected utility is the same for both cases but,
there is a possibility of gaining a larger reward by
choosing option B.

Sure loss (100%)
[Possible loss (90%)

Neutral (10%)

- -$900
- -$1000

> $0]
$1000x0.9) + ($0x0.1) = -$900

- Expected Value= -$900

- Expected Value = (-

ON CONTRAST, a sequence of numbers that
identifies items as belonging to mutually exclusive
categorics. When the number sequence has a

meaningful order a is more

precisely called an ordinal scale; when it is devoid

of such meaningful order it is known as a nominal
scale. Here, we are not interested in categorizing our

data but to find the most valuable option.
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Q5 A3

THE RIGHT ANSWER IS OPTION B.
§) i lexpected| of an action to an agent, is
calculated by multiplying the value to the agent of each
possible outcome of the action by the probability of that
outcome occurring and then summing those numbers.
The concept of expected utility is used to elucidate
decisions made under conditions of risk. According to
standard decision theory, when comparing alternative
courses of action, one should choose the action that has
the greatest expected utility. Im our_situation, the

expected utility is the same for both cases but, there
is _a possibility of gaining a larger reward by
choosing option B.

Sure loss (100%)=>  -$900 >
[Possible loss (90%) = -$1000
Neutral (10%) = $0] >  Expected Value = (-$1000x0.9)
+ ($0x0.1) = -$900

(Expected Value= -$900)

The says that investors value gains

and losses differently, placing more weight on
perceived gains versus perceived losses. An investor
presented with a choice, both equal, will choose the one
presented in terms of potential gains. On the other half,
expected| ATe0s assumes individuals will
choose the outcome which gives maximum utility given
the probability of outcomes. For this reason,

1s not the chosen one because, it allows for the
fact that individuals may choose a decision which
doesn't necessarily maximize utility because they place

other considerations above utility.
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Q5 A4

THE RIGHT ANSWER IS OPTION B. In our situation, the expected utility is the same for both cases but,
there is a possibility of gaining a larger reward by choosing option B. THEORY APPLIED: Expected Utility

Example 1: Purchasing a lottery ticket represents two possible outcomes for the buyer. They could end up
losing the amount they invested in buying the ticket, or they could end up making a smart profit by winning
either a portion of the entire lottery. Assigning probability values to the costs involved (in this case, the
nominal purchase price of a lottery ticket), it is not difficult to sce that the expected utility to be gained from
purchasing a lottery ticket is greater than not buying it.

Example 2: Suppose we decide to study for three years to try and gain an economic degree. A good
degree is likely to lead to a higher paying job but there is no guarantee. We may fail the degree or the
jobs market may turn against a surplus of graduates. Therefore, we may estimate we have a 0.7 chance
of gaining an extra $250,000 earnings in our lifetime. In this case, the expected utility of an economics
degree is $175,000.

Example 3: Suppose: A lottery ticket costs $20. The probability of winning the $2000 prize is 0.5%.
The likely value from having a lottery ticket will be the outcome x probability of the event occurring.
Therefore, expected value = 0.005 x 2000 = $10. The expected value of owning a lottery ticket is $10. With
an infinite number of events, on average, this is the likely payout. Of course, we may be lucky or maybe
unlucky if we play only once. Since the ticket costs $20, it seems an illogical decision to buy — because the
expected value of buying a ticket is $10 — a smaller figure than the cost of purchase $20.
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Q5 _AS

THE RIGHT ANSWER IS OPTION B. In our

situation, the expected utility is the same for both

cases but, there is a possibility of gaining a larger
reward by choosing option B. THEORY APPLIED:

Expected Utility

[heninls [ Purchasing a lottery ticket represents

two possible outcomes for the buyer. They could end
up losing the amount they invested in buying the
ticket, or they could end up making a smart profit by
winning either a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

After rendering service to customers,
businesses like to get feedback from customers
regarding their service to improve. For example:
Kindly rate your customer service experience with
us:

Very poor
Poor
Neutral
Good
Very good

The above is an example of an ordinal data
collection process. The responses have a specific
order to them, listed in ascending order.
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THE RIGHT ANSWER IS OPTION B. In our

situation, the expected utility is the same for both

cases but, there is a possibility of gaining a larger
reward by choosing option B. THEORY APPLIED:

Expected Utility

peaials 7% Suppose we decide to study for three

years to try and gain an economic degree. A good
degree is likely to lead to a higher paying job but
there is no guarantee. We may fail the degree or
the jobs market may turn against a surplus of
graduates. Therefore, we may estimate we have a
0.7 chance of gaining an extra $250,000 earnings in
our lifetime. In this case, the expected utility of an

economics degree is $175,000.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

The level of education of a
respondent may be requested for when filling
forms for job applications, admission, training
etc. This is used to assess their qualification for a
specific role. Consider the example below: What
is your highest level of education?

School SAT
High School
BSc.
MSec.
PhD

This is also a closed-ended nominal data example.
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THE RIGHT ANSWER IS OPTION B. In our

situation, the expected utility is the same for both

cases but, there is a possibility of gaining a larger
reward by choosing option B. THEORY APPLIED:

Expected Utility

M_E g Suppose: A lottery ticket costs $20.
The probability of winning the $2000 prize is
0.5%. The likely value from having a lottery
ticket will be the outcome x probability of the
event occurring. Therefore, expected value =
0.005 x 2000 = $10. The expected value of owning a
lottery ticket is $10. With an infinite number of
cvents, on average, this is the likely payout. Of
course, we may be lucky or maybe unlucky if we
play only once. Since the ticket costs $20, it seems
an illogical decision to buy — because the expected
value of buying a ticket is $10 — a smaller figure
than the cost of purchase $20.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

Respondents are asked for their
gender when filling out a biodata. This is mostly
categorized as male or female, but may also be

nonbinary. For example:

What is your gender?

Male
Female

This is a binary and closed-ended nominal data

example.

148



Q5 A6

THE RIGHT ANSWER IS OPTION B. In our

situation, the expected utility is the same for both

cases but, there is a possibility of gaining a larger
reward by choosing option B. THEORY APPLIED:

Expected Utility

Example Purchasing a lottery ticket represents

two possible outcomes for the buyer. They could end
up losing the amount they invested in buying the
ticket, or they could end up making a smart profit by
winning either a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.

THEORY THAT CANNOT BE APPLIED:
Prospect Theory
There are two options. Option 1 gives
the recipient $50. Option 2 gives the recipient $100
but then takes away $50. The end outcome is that
both provide a net gain of $50. Yet option 1 is
preferred as it provides the recipient with a

perceived net gain that avoids the pain of a loss.
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THE RIGHT ANSWER IS OPTION B. In our

situation, the expected utility is the same for both

cases but, there is a possibility of gaining a larger
reward by choosing option B. THEORY APPLIED:

Expected Utility

henul: P% Suppose we decide to study for three

years to try and gain an economic degree. A good
degree is likely to lead to a higher paying job but
there is no guarantee. We may fail the degree or
the jobs market may turn against a surplus of
graduates. Therefore, we may estimatc we have a
0.7 chance of gaining an extra $250,000 earnings in
our lifetime. In this case, the expected utility of an

economics degree is $175,000.

THEORY THAT CANNOT BE APPLIED:
Prospect Theory
One advisor may present a mutual fund

to a potential investor, claiming that it has had good
returns over the last decade but also that it has been
declining in the last two years. Another advisor may
present the same fund and report that it has had an
average return of 15% over the past three years.
Investors would be much more likely to invest with
the second advisor, as the fund was presented only in

terms of gains.
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THE RIGHT ANSWER IS OPTION B. In our

situation, the expected utility is the same for both

cases but, there is a possibility of gaining a larger
reward by choosing option B. THEORY APPLIED:

Expected Utility

Iermnl & Suppose: A lottery ticket costs $20.
The probability of winning the $2000 prize is
0.5%. The likely value from having a lottery
ticket will be the outcome x probability of the
event occurring. Therefore, expected value =
0.005 x 2000 = $10. The expected value of owning a
lottery ticket is $10. With an infinite number of
events, on average, this is the likely payout. Of
course, we may be lucky or maybe unlucky if we
play only once. Since the ticket costs $20, it scems
an illogical decision to buy — because the expected
value of buying a ticket is $10 — a smaller figure
than the cost of purchase $20.

THEORY THAT CANNOT BE APPLIED:
Prospect Theory
Assume that a lottery provides two
options, A and B. Option A provides a guaranteed
win of $100 while option B provides the possibility

of winning $200, with a 70% chance of winning and

30% chance of losing. Most people will choose
option A since it provides a guaranteed win, even

though it offers a lower return compared to B.
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Q5 A7

THE RIGHT ANSWER IS OPTION B. In our situation, the expected utility is the same for both cases but,
there is a possibility of gaining a larger reward by choosing option B. THEORY APPLIED: Expected Utility

Example: Purchasing a lottery ticket represents two possible outcomes for the buyer. They could end up
losing the amount they invested in buying the ticket, or they could end up making a smart profit by winning

either a portion of the entire lottery. Assigning probability values to the costs involved (in this case, the

nominal purchase price of a lottery ticket), it is not difficult to see that the expected utility to be gained from

purchasing a lottery ticket is greater than not buying it.
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Q5 A8

THE RIGHT ANSWER IS OPTION B. In our

situation, the expected utility is the same for both

cases but, there is a possibility of gaining a larger
reward by choosing option B. THEORY APPLIED:

Expected Utility

Purchasing a lottery ticket represents two

possible outcomes for the buyer. They could end up
losing the amount they invested in buying the ticket,
or they could end up making a smart profit by
winning either a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

After rendering service to customers,
businesses like to get feedback from customers
regarding their service to improve. For example:
Kindly rate your customer service experience with
us:

Very poor
Poor
Neutral
Good
Very good

The above is an example of an ordinal data
collection process. The responses have a specific
order to them, listed in ascending order.
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Q5 A9

THE RIGHT ANSWER IS OPTION B. In our

situation, the expected utility is the same for both

cases but, there is a possibility of gaining a larger
reward by choosing option B. THEORY APPLIED:

Expected Utility

Purchasing a lottery ticket represents two

possible outcomes for the buyer. They could end up
losing the amount they invested in buying the ticket,
or they could end up making a smart profit by
winning either a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.

THEORY THAT CANNOT BE APPLIED: Prospect
Theory

There are two options. Option 1 gives the

recipient $50. Option 2 gives the recipient $100 but

then takes away $50. The end outcome is that both

provide a net gain of $50. Yet option 1 is preferred

as it provides the recipient with a perceived net gain

that avoids the pain of a loss.
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SIXTH QUIZ

Q6_Al

THE RIGHT ANSWER IS OPTION C. The expected value is the same for both cases.

Expected value is a concept used in situations in which it is desirable to establish the value of different

options with uncertain outcomes. The expected value of an action is the sum of the value of each potential

outcome multiplied by the probability of that outcome occurring. In our case, the expected value is the
same for both cases.

Sure loss (100%) > -$900 > Expected Value= -$900
[Possible loss (90%) >  -$1000

Neutral (10%) -2 $0] > Expected Value = (-$1000x0.9) + ($0x0.1) = -$900
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Q6_A2

THE RIGHT ANSWER IS OPTION C. The
expected value is the same for both cases.

Expected| M 18 a concept used in situations in which
it 1s desirable to establish the value of different options
with uncertain outcomes. The expected value of an
action is the sum of the value of each potential outcome
multiplied by the probability of that outcome occurring.
In our case, the expected value is the same for both

cases.

Sure loss (100%) 2> -$900 > (Expected Value= -$900)

[Possible loss (90%) = -$1000

Neutral (10%) > $0] =
$1000x0.9) + ($0x0.1) = -5900

Expected Value = (-

ON THE CONTRARY, a sequence of numbers that
identifies items as belonging to mutually exclusive
categories. When the number sequence has a
meaningful order a is more

precisely called an ordinal scale; when it is devoid

of such meaningful order it is known as a nominal

scale. Here, we are not interested in categorizing our

data but to find the most valuable option.
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Q6 A3

THE RIGHT ANSWER IS OPTION C. The
expected value is the same for both cases.

Expected m is a concept used in situations in which
it 1s desirable to establish the value of different options
with uncertain outcomes. The expected value of an
action 1s the sum of the value of each potential outcome
multiplied by the probability of that outcome occurring.

In our case, the expected value is the same for both

Cases.

Sure loss (100%) - -$900 -> (Expected Value=-$900)

[Possible loss (90%) -2 -$1000

Neutral (10%) 2> $0] =

$1000x0.9) + ($0x0.1) = -$900

Expected Value = (-

The of an action to an agent, is
calculated by multiplying the value to the agent of each
possible outcome of the action by the probability of that
outcome occurring and then summing those numbers.
The concept of expected utility 1s used to elucidate
decisions made under conditions of risk. According to
standard decision theory, when comparing alternative
courses of action, one should choose the action that has
the greatest expected utility. On the other side,
valuep concept used in situations in which
it 1s desirable to establish the value of different options
with uncertain outcomes. The expected value of an
action 1s the sum of the value of each potential outcome
multiplied by the probability of that outcome occurring.
In our case, we are interested for the expected value of
each option and not for the best outcome.
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Q6 _A4

THE RIGHT ANSWER IS OPTION C. The expected value is the same for both cases. THEORY APPLIED:
Expected Value

Example 1: If you toss a coin ten times, the probability of getting a heads in each trial is 1/2 so the expected

value (the number of heads you can expect to get in 10 coin tosses) is: 0.5 * 10=15.

Example 2: You buy one $10 raffle ticket for a new car valued at $15,000. Two thousand tickets are sold.
What is the expected value of your gain? If we do the right calculations the expected value would be: $7.495

+-$9.995 = -§2.5.

Example 3: Flipping a coin! You have two outcomes: heads or tails. The probabilities of both are 50%. Let’s
say that you play 100 rounds with your friend. You risk $1 in each round. If it’s tails, you double your

money, if it’s heads, you lose your money. Using the expected value formula, we see the expected revenue

from this game is $1. And you have to invest $1 in each round. So your expected value of your profit is $0.

In other words, if you play this game long enough, you won’t lose or win any money.
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Q6 _AS

THE RIGHT ANSWER IS OPTION C. The

expected value is the same for both cases. THEORY
APPLIED: Expected Value

If you toss a coin ten times, the

probability of getting a heads in each trial is 1/2 so
the expected value (the number of heads you can

expect to get in 10 coin tosses) is: 0.5 * 10=5

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

After rendering service to customers,
businesses like to get feedback from customers
regarding their service to improve. For example:
Kindly rate your customer service experience with
us:

Very poor
Poor
Neutral
Good
Very good

The above is an example of an ordinal data
collection process. The responses have a specific
order to them, listed in ascending order.
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THE RIGHT ANSWER IS OPTION C. The

expected value is the same for both cases. THEORY
APPLIED: Expected Value

2 You buy one $10 raffle ticket for a new
car valued at $15,000. Two thousand tickets are sold.

What is the expected value of your gain? If we do

the right calculations the expected value would be:

$7.495 + -$9.995 = -$2.5.

THEORY THAT CANNOT BE APPLIED:

Categorical Scale of measurement

The level of education of a
respondent may be requested for when filling
forms for job applications, admission, training
etc. This is used to assess their qualification for a
specific role. Consider the example below: What
is your highest level of education?

School SAT
High School
BSc.
MSe.
PhD

This is also a closed-ended nominal data example.
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THE RIGHT ANSWER IS OPTION C. The

expected value is the same for both cases. THEORY
APPLIED: Expected Value

& Flipping a coin! You have two

outcomes: heads or tails. The probabilities of both
are 50%. Let’s say that you play 100 rounds with
your friend. You risk $1 in each round. If it’s tails,
you double your money, if it’s heads, you lose your
money. Using the expected value formula, we see
the expected revenue from this game is $1. And you
have to invest $1 in each round. So your expected
value of your profit is $0. In other words, if you play
this game long enough, you won’t lose or win any

money.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

Respondents are asked for their
gender when filling out a biodata. This is mostly
categorized as male or female, but may also be

nonbinary. For example:
What is your gender?
Male

Female

This is a binary and closed-ended nominal data

example.
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THE RIGHT ANSWER IS OPTION C. The

expected value is the same for both cases. THEORY
APPLIED: Expected Value

If you toss a coin ten times, the

probability of getting a heads in each trial is 1/2 so
the expected value (the number of heads you can

expect to get in 10 coin tosses) is: 0.5 * 10=15

THEORY THAT CANNOT BE APPLIED: Expected
utility

Purchasing a lottery ticket represents
two possible outcomes for the buyer. They could end
up losing the amount they invested in buying the
ticket, or they could end up making a smart profit by
winning either a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.

162



THE RIGHT ANSWER IS OPTION C. The

expected value is the same for both cases. THEORY
APPLIED: Expected Value

#% You buy one $10 raffle ticket for a new
car valued at $15,000. Two thousand tickets are sold.

What is the expected value of your gain? If we do

the right calculations the expected value would be:

$7.495 +-$9.995 = -$2.5.

THEORY THAT CANNOT BE APPLIED: Expected
utility

Suppose we decide to study for three
years to try and gain an economic degree. A good
degree is likely to lead to a higher paying job but
there is no guarantee. We may fail the degree or
the jobs market may turn against a surplus of
graduates. Therefore, we may estimate we have a
0.7 chance of gaining an extra $250,000 earnings in
our lifetime. In this case, the expected utility of an

economics degree is $175,000.
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THE RIGHT ANSWER IS OPTION C. The

expected value is the same for both cases. THEORY
APPLIED: Expected Value

&} Flipping a coin! You have two

outcomes: heads or tails. The probabilities of both
are 50%. Let’s say that you play 100 rounds with
your friend. You risk $1 in each round. If it’s tails,
you double your money, if it’s heads, you lose your
money. Using the expected value formula, we see
the expected revenue from this game is $1. And you
have to invest $1 in each round. So your expected
value of your profit is $0. In other words, if you play
this game long enough, you won’t lose or win any

money.

THEORY THAT CANNOT BE APPLIED: Expected
utility

Suppose: A lottery ticket costs $20.
The probability of winning the $2000 prize is
0.5%. The likely value from having a lottery
ticket will be the outcome x probability of the
event occurring. Therefore, expected value =
0.005 x 2000 = $10. The expected value of owning a
lottery ticket is $10. With an infinite number of
events, on average, this is the likely payout. Of
course, we may be lucky or maybe unlucky if we
play only once. Since the ticket costs $20, it seems
an illogical decision to buy — because the expected
value of buying a ticket is $10 — a smaller figure

than the cost of purchase $20.
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THE RIGHT ANSWER IS OPTION C. The expected value is the same for both cases. THEORY APPLIED:
Expected Value

Example: If you toss a coin ten times, the probability of getting a heads in each trial is 1/2 so the expected

value (the number of heads you can expect to get in 10 coin tosses) is: 0.5 * 10 =5.
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Q6 A8

THE RIGHT ANSWER IS OPTION C. The

expected value is the same for both cases. THEORY
APPLIED: Expected Value

If you toss a coin ten times, the

probability of getting a heads in each trial is 1/2 so
the expected value (the number of heads you can

expect to get in 10 coin tosses) is: 0.5 * 10 = 5.

THEORY THAT CANNOT BE APPLIED:
Categorical Scale of measurement

After rendering service to customers,
businesses like to get feedback from customers
regarding their service to improve. For example:
Kindly rate your customer service experience with
us:

Very poor
Poor
Neutral
Good
Very good

The above is an cxample of an ordinal data
collection process. The responses have a specific
order to them, listed in ascending order.
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THE RIGHT ANSWER IS OPTION C. The

expected value is the same for both cases. THEORY
APPLIED: Expected Value

If you toss a coin ten times, the
probability of getting a heads in each trial is 1/2 so
the expected value (the number of heads you can

expect to get in 10 coin tosses) is: 0.5 * 10 =5.

THEORY THAT CANNOT BE APPLIED: Expected
utility

Purchasing a lottery ticket represents two

possible outcomes for the buyer. They could end up

losing the amount they invested in buying the ticket,
or they could end up making a smart profit by
winning either a portion of the entire lottery.
Assigning probability values to the costs involved
(in this case, the nominal purchase price of a lottery
ticket), it is not difficult to see that the expected
utility to be gained from purchasing a lottery ticket

is greater than not buying it.
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SEVENTH QUIZ

Q7 Al

THE RIGHT ANSWER IS OPTION B.

The Central Limit Theorem states that the sampling distribution of the sample means approaches a normal

distribution as the sample size gets larger, no matter what the shape of the population distribution. This fact

holds especially true for sample sizes over 30. Here, the variance for p = .45 exceeds that for p = .65

therefore, it is more, it is more likely that the class belongs to program B.
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THE RIGHT ANSWER IS OPTION B.

The Limit states that the

sampling distribution of the sample means

approaches a normal distribution as the sample size

gets larger, no matter what the shape of the
population distribution. This fact holds especially

true for sample sizes over 30. Here, the variance

for p = .45 exceeds that for p = .65 therefore, it is
more, it is more likely that the class belongs to
program B.

UNDER OTHER CONDITIONS,

is a statistical measure that calculates the likelihood
of two events occurring together and at the same
point in time. Joint probability is the probability of
event Y occurring at the same time that event X
occurs. If we suppose that the A program has 65/100
probability to be that class and we also suppose that
the B program has 45/100 probability to be that
class, their joint probability would be 29,3%. Thus,
we could not apply this theory here.
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THE RIGHT ANSWER IS OPTION B.

The Limit states that the

sampling distribution of the sample means

approaches a normal distribution as the sample size

gets larger, no matter what the shape of the

population distribution. This fact holds especially

true for sample sizes over 30. Here, the variance

for p = .45 exceeds that for p = .65 therefore, it is

more, it is more likely that the class belongs to
program B.

ON THE OTHER HAND, in probability theory, the

is a theorem that describes
the result of performing the same experiment a large
number of times. According to the law, the average
of the results obtained from a large number of trials
should be close to the expected value and tends to
become closer to the expected value as more trials
are performed. In our case, there is no point to
measure the variance of boys in a large number of
trials for each class because the size remains the

same.
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THE RIGHT ANSWER IS OPTION B. THEORY APPLIED: Central Limit theorem

Example 1: Think about which is more likely: getting more than 60 percent heads in three flips of coin or
getting more than 60 percent heads in 3,000 flips. Half of the time, three flips will produce more than 60%

heads. However, 10 flips will only produce more than 60% heads about 17% of the time. Three thousands
flips will produce more than 60% heads only .000001% of the time (odds of one in a million).

Example 2: A population of community college students includes inner city students (p = .33). What is
the probability that a random sample of 45 students from the population will have from 20% to 40%

inner city students? The probability your random sample will have 20 — 40% inner city students is 85.71%
Alternatively, If a certain group of welfare recipients receives SNAP benefits of $110 per week with a
standard deviation of $20. If a random sample of 25 people is taken, what is the probability their mean
benefit will be greater than $120 per week? The probability is 99.38%.

Example 3: Approximately 60% of all part-time college students in the United States are female. (In
other words, the population proportion of females among part-time college students is p = 0.6.) What

would you expect to see in terms of the behavior of a sample proportion of females (p-hat) if random
samples of size 100 were taken from the population of all part-time college students? For samples of
100, we would expect sample proportions of females not to stray too far from the population proportion 0.6.
Sample proportions lower than 0.5 or higher than 0.7 would be rather surprising. On the other hand, if we
were only taking samples of size 10, we would not be at all surprised by a sample proportion of females even
as low as 4/10 = 0.4, or as high as 8/10 = 0.8. Thus, sample size plays a role in the spread of the distribution
of sample proportion: there should be less spread for larger samples, more spread for smaller samples.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Central Limit theorem

iE Think about which is more likely:
getting more than 60 percent heads in three flips of
coin or getting more than 60 percent heads in 3,000
flips. Half of the time, three flips will produce more

than 60% heads. However, 10 flips will only

produce more than 60% heads about 17% of the

time. Three thousands flips will produce more than
60% heads only .000001% of the time (odds of one

in a million).

THEORY THAT CANNOT BE APPLIED:
Joint probability
What is the joint probability of
rolling the number five twice in a fair six-sided
dice?
Event “A” = The probability of rolling a 5 in the first
roll is 1/6 = 0.1666.

Event “B” = The probability of rolling a 5 in the
second roll is 1/6 = 0.1666.

Therefore, the joint probability of event “A” and
“B” is P(1/6) x P(1/6) = 0.02777 = 2.8%.

172



THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Central Limit theorem

P2 A population of community college

students includes inner city students (p = .33).
What is the probability that a random sample of
45 students from the population will have from
20% to 40% inner city students? The probability
your random sample will have 20 — 40% inner city
students is 85.71%. Alternatively, If a certain
SNAP
benefits of $110 per week with a standard

group of welfare recipients receives
deviation of $20. If a random sample of 25 people
is taken, what is the probability their mean
benefit will be greater than $120 per week? The
probability is 99.38%.

THEORY THAT CANNOT BE APPLIED:
Joint probability
What is the joint probability of

getting a head followed by a tail in a coin toss?

Event “A” = The probability of getting a head in the

first coin toss is 1/2 = 0.5.

Event “B” = The probability of getting a tail in the

second coin toss is 1/2 = 0.5.

Therefore, the joint probability of event “A” and
“B” 1s P(1/2) x P(1/2) = 0.25 = 25%.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Central Limit theorem

& Approximately 60% of all part-time
college students in the United States are female.
(In other words, the population proportion of
females among part-time college students is p =
0.6.) What would you expect to see in terms of the
behavior of a sample proportion of females (p-
hat) if random samples of size 100 were taken
from the population of all part-time college
students? For samples of 100, we would expect
sample proportions of females not to stray too far
from the population proportion 0.6. Sample
proportions lower than 0.5 or higher than 0.7 would
be rather surprising. On the other hand, if we were
only taking samples of size 10, we would not be at
all surprised by a sample proportion of females even
as low as 4/10 = 0.4, or as high as 8/10 = 0.8. Thus,
sample size plays a role in the spread of the
distribution of sample proportion: there should be
less spread for larger samples, more spread for
smaller samples.

THEORY THAT CANNOT BE APPLIED:
Joint probability
What is the joint probability of

drawing a number ten card that is black?

Event “A” = The probability of drawing a 10 = 4/52
=0.0769

Event “B” = The probability of drawing a black card
=26/52=0.50

Therefore, the joint probability of event “A” and
“B” is P(4/52) x P(26/52) = 0.0385 =3.9%.
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Q7 A6

THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Central Limit theorem

iB Think about which is more likely:

getting more than 60 percent heads in three flips of
coin or getting more than 60 percent heads in 3,000
flips. Half of the time, three flips will produce more
than 60% heads. However, 10 flips will only
produce more than 60% heads about 17% of the
time. Three thousands flips will produce more than
60% heads only .000001% of the time (odds of one

in a million).

THEORY THAT CANNOT BE APPLIED:
Law of large numbers

An economist may collect a simple
random sample of 50 individuals in a town and use
the average annual income of the individuals in the
sample to estimate the average annual income of
individuals in the entire town. If the economist finds
that the average annual income of the individuals in
the sample is $58,000, then her best guess for the
true average annual income of individuals in the

entire town will be $58,000.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Central Limit theorem

2 A population of community college

students includes inner city students (p = .33).
What is the probability that a random sample of
45 students from the population will have from
20% to 40% inner city students? The probability
your random sample will have 20 — 40% inner city
students is 85.71%. Alternatively, If a certain
SNAP
benefits of $110 per week with a standard

group of welfare recipients receives
deviation of $20. If a random sample of 25 people
is taken, what is the probability their mean
benefit will be greater than $120 per week? The
probability is 99.38%.

THEORY THAT CANNOT BE APPLIED:
Law of large numbers
A biologist may measure the height of
30 randomly selected plants and then use the sample
mean height to estimate the population mean height.
If the biologist finds that the sample mean height of
the 30 plants is 10.3 inches, then her best guess for

the population mean height will also be 10.3 inches.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Central Limit theorem

&% Approximately 60% of all part-time
college students in the United States are female.
(In other words, the population proportion of
females among part-time college students is p =
0.6.) What would you expect to see in terms of the
behavior of a sample proportion of females (p-
hat) if random samples of size 100 were taken
from the population of all part-time college
students? For samples of 100, we would expect
sample proportions of females not to stray too far
from the population proportion 0.6. Sample
proportions lower than 0.5 or higher than 0.7 would
be rather surprising. On the other hand, if we were
only taking samples of size 10, we would not be at
all surprised by a sample proportion of females even
as low as 4/10 = 0.4, or as high as 8/10 = 0.8. Thus,
sample size plays a role in the spread of the
distribution of sample proportion: there should be
less spread for larger samples, more spread for
smaller samples.

THEORY THAT CANNOT BE APPLIED:
Law of large numbers

The HR department of some company
may randomly select 50 employees to take a survey
that assesses their overall satisfaction on a scale of 1
to 10. If it’s found that the average satisfaction
among ecmployees in the survey is 8.5 then the best
guess for the average satisfaction rating of all

employees at the company is also 8.5.
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Q7 A7

THE RIGHT ANSWER IS OPTION B. THEORY APPLIED: Central Limit theorem

Example: Think about which is more likely: getting more than 60 percent heads in three flips of coin or
getting more than 60 percent heads in 3,000 flips. Half of the time, three flips will produce more than 60%

heads. However, 10 flips will only produce more than 60% heads about 17% of the time. Three thousands

flips will produce more than 60% heads only .000001% of the time (odds of one in a million).
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Central Limit theorem

Think about which is more likely: getting

more than 60 percent heads in three flips of coin or
getting more than 60 percent heads in 3,000 flips.
Half of the time, three flips will produce more than
60% heads. However, 10 flips will only produce
more than 60% heads about 17% of the time. Three
thousands flips will produce more than 60% heads
only .000001% of the time (odds of one in a

million).

THEORY THAT CANNOT BE APPLIED: Joint
probability

What is the joint probability of getting
a head followed by a tail in a coin toss?
Event “A” = The probability of getting a head in the
first coin toss is 1/2 = 0.5.
Event “B” = The probability of getting a tail in the
second coin toss is 1/2 =0.5.

Therefore, the joint probability of event “A” and
“B”is P(1/2) x P(1/2) = 0.25 = 25%.
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Q7 A9

THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Central Limit theorem

Think about which is more likely: getting

more than 60 percent heads in three flips of coin or
getting more than 60 percent heads in 3,000 flips.
Half of the time, three flips will produce more than
60% heads. However, 10 flips will only produce
more than 60% heads about 17% of the time. Three
thousands flips will produce more than 60% heads
only .000001% of the time (odds of one in a

million).

THEORY THAT CANNOT BE APPLIED: Law of
large numbers

The HR department of some company
may randomly select 50 employees to take a survey
that assesses their overall satisfaction on a scale of 1
to 10. If it’s found that the average satisfaction
among employees in the survey is 8.5 then the best
guess for the average satisfaction rating of all

employees at the company is also 8.5.
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EIGHTH QUIZ

Q8_Al

THE RIGHT ANSWER IS OPTION B.

The law of likelihood, that is, the notion that the extent to which the evidence supports one parameter value

or hypothesis against another is indicated by the ratio of their likelihoods, their likelihood ratio. Applying
this theorem here, we have [20! / (4!)35! 3!] / 52°=0.25% for the first order and, [20! / (4!)5]/5%° = 0.32%

for the second order. Therefore, the uniform distribution of marbles is more probable than the

nonuniform distribution.
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Q8_A2

THE RIGHT ANSWER IS OPTION B.
The @ @ , that is, the notion that the

extent to which the evidence supports one parameter
value or hypothesis against another is indicated by
the ratio of their likelihoods, their likelihood ratio.
Applying this theorem here, we have [20! / (4!)*5!
[ 5§ =0.25% for the first order and, [20! /
/52" = 0.32% for the second order. Therefore

the uniform distribution of marbles is more

probable than the nonuniform distribution.

IN DIFFIRENT CIRCUMSTANCES, a

is a numerical measure of some type of
correlation, meaning a statistical relationship
between two variables. The variables may be two
columns of a given data set of observations, often
called a sample, or two components of a multivariate
random variable with a known distribution.
Obviously, this is not the right strategy of resolving
this arithmetical problem because we don’t search
for the statistical correlation between the first and

the second case scenario.
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Q8 A3

THE RIGHT ANSWER IS OPTION B.
The Ph [ [SH0NT, that is, the notion that the
extent to which the evidence supports one parameter
value or hypothesis against another is indicated by
the ratio of their likelihoods, their likelihood ratio.

Applying this theorem here, we have [20! / (4!)35!
3] / 5% =0.25% for the first order and, [20! /

(41)°%]/5%" = 0.32% for the second order. Therefore,

the uniform distribution of marbles is more

probable than the nonuniform distribution.

The of an event is the number of
favorable outcomes divided by the total number of
outcomes possible. In our example we could not
apply this rule because we do not have enough data
in the hypothesis stage and thus, we have to use our

given data to create a hypothesis, for example which

order distribution will appear the most. In [Eiy &

fgusaty, the data are a given and the
hypotheses vary.
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Q8 A4

THE RIGHT ANSWER IS OPTION B. THEORY APPLIED: Likelihood theorem

Example 1: Amy has two bags. Bag I has 7 red and 4 blue balls and bag II has 5 red and 9 blue balls. Amy
draws a ball at random and it turns out to be red. Determine the probability that the ball was from the bag 1.
The probability of choosing a bag for drawing a ball is 2. Since there are 7 red balls out of a total of 11 balls in the
bag I, therefore, drawing a red ball from the bag I= 7/11. Similarly, drawing a red ball from bag II = 5/14. Then, we
will use Bayes Theorem and we have the following: [((7/11) (1/2))/ (7/11) (1/2) + (5/14) (1/2)] = 0.64. Hence, the
probability that the ball is drawn is from bag I is 0.64.

Example 2: Assume that the chances of a person having a skin disease are 40%. Assuming that skin creams
and drinking enough water reduces the risk of skin disease by 30% and prescription of a certain drug reduces
its chance by 20%. At a time, a patient can choose any one of the two options with equal probabilities. It is
given that after picking one of the options, the patient selected at random has the skin disease. Find the
probability that the patient picked the option of skin screams and drinking enough water. A) The patient uses

skin creams and drinks enough water = %, and B) the patient uses the drug = %. Using the probabilities known to us,
we have: The selected patient has the skin disease for the case A = (.4 x (1-0.3) = 0.28 and for the case B = 0.4 x (1-
0.2) = 0.32. Using Bayes Theorem, the probability that the selected patient uses skin creams and drinks enough water
18 (0.28 x 0.5)/(0.28 x 0.5 + 0.32 x 0.5) = 0.14/(0.14 + 0.16) = 0.47. Thus, the probability that the patient picked the
first option is 0.47.

Example 3: A man is known to speak the truth 3/4 times. He draws a card and reports it is king. Find the
probability that it is actually a king. The probability that king is drawn = %. The probability that the king is not
drawn = %. The probability that the man says the truth that king is drawn when actually king i1s drawn = %. The
probability that the man lies that king 1s drawn when actually king is drawn = %. By using Bayes Theorem, the
probability that it is actually a king = [1/4 x 3/4] + [(1/4 x 3/4) + (1/4 x 3/4)] = 3/16 +12/16 =3/16 x 16/12 =1/2=10.5.
Thus, the probability that the drawn card 1s actually a king = 0.5.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Likelihood theorem

il: Amy has two bags. Bag I has 7 red
and 4 blue balls and bag II has 5 red and 9 blue
balls. Amy draws a ball at random and it turns
out to be red. Determine the probability that the
ball was from the bag I. The probability of

choosing a bag for drawing a ball is 2. Since there

are 7 red balls out of a total of 11 balls in the bag I,

therefore, drawing a red ball from the bag I= 7/11.
Similarly, drawing a red ball from bag II = 5/14.
Then, we will use Bayes Theorem and we have the
following: [((7/11) (1/2))/ (7/11) (1/2) + (5/14) (1/2)]
= (.64. Hence, the probability that the ball is drawn
is from bag I is 0.64.

THEORY THAT CANNOT BE APPLIED:
Correlation Coefficient

: A survey was conducted in your city.
Given is the following sample data containing a
person's age and their corresponding income. Find
out whether the increase in age has an effect on
income. The results showed that with the increase in
age a person's income increases as well, since the
Pearson correlation coefficient between age and

income is very close to 1.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Likelihood theorem

?): Assume that the chances of a person
having a skin disease are 40%. Assuming that
skin creams and drinking enough water reduces
the risk of skin disease by 30% and prescription
of a certain drug reduces its chance by 20%. At a
time, a patient can choose any one of the two
options with equal probabilities. It is given that
after picking one of the options, the patient
selected at random has the skin disease. Find the
probability that the patient picked the option of
skin screams and drinking enough water. A) The
patient uses skin creams and drinks enough water =
1, and B) the patient uses the drug = %4. Using the
probabilities known to us, we have: The selected
patient has the skin disease for the case A= 0.4 x (1-
0.3) = 0.28 and for the case B = 0.4 x (1-0.2) = 0.32.
Using Bayes Theorem, the probability that the
selected patient uses skin creams and drinks enough
water is (0.28 x 0.5)/(0.28 x 0.5 + 0.32 x 0.5) =
0.14/(0.14 + 0.16) = 0.47. Thus, the probability that
the patient picked the first option is 0.47.

THEORY THAT CANNOT BE APPLIED:
Correlation Coefficient

: Suppose that the prices of coffee and
computers are observed and found to have a
correlation of +.0008. This means that there is no
between the two

correlation, or relationship,

variables.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Likelihood theorem

&: A man is known to speak the truth

3/4 times. He draws a card and reports it is king.
Find the probability that it is actually a king. The
probability that king is drawn = Y4. The probability
that the king is not drawn = 34. The probability that
the man says the truth that king is drawn when
actually king is drawn = %4. The probability that the
man lies that king is drawn when actually king is
drawn = Y. By using Bayes Theorem, the
probability that it is actually a king = [1/4 x 3/4] +
[(1/4 x 3/4) + (1/4 x 3/4)] = 3/16 +12/16 = 3/16 x
16/12 =1/2 = 0.5. Thus, the probability that the

drawn card is actually a king = 0.5.

THEORY THAT CANNOT BE APPLIED:
Correlation Coefficient

: Suppose the value of oil prices is
directly related to the prices of airplane tickets, with
a correlation coefficient of +0.95. The relationship
between oil prices and airfares has a very strong
positive correlation since the value is close to +1.
So, if the price of oil decreases, airfares also
decrease, and if the price of oil increases, so do the

prices of airplane tickets.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Likelihood theorem

il: Amy has two bags. Bag I has 7 red
and 4 blue balls and bag II has 5 red and 9 blue
balls. Amy draws a ball at random and it turns
out to be red. Determine the probability that the
ball was from the bag 1. The probability of
choosing a bag for drawing a ball is 4. Since there

are 7 red balls out of a total of 11 balls in the bag I,

therefore, drawing a red ball from the bag I= 7/11.

Similarly, drawing a red ball from bag II = 5/14.
Then, we will use Bayes Theorem and we have the
following: [((7/11) (1/2))/ (7/11) (1/2) + (5/14) (1/2)]
= 0.64. Hence, the probability that the ball is drawn
is from bag I is 0.64.

THEORY THAT CANNOT BE APPLIED:
Probability Theorem

: Suppose the probability of obtaining a
number 4 on rolling a fair dice needs to be
established. The number of favorable outcomes is 1.
The possible outcomes of the dice are {1, 2, 3, 4, 5,
6}. This implies that there are a total of 6 outcomes.
Thus, the probability of obtaining 4 on a dice roll,
using probability theory, can be computed as 1 / 6 =
0.167.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Likelihood theorem

#: Assume that the chances of a person
having a skin disease are 40%. Assuming that
skin creams and drinking enough water reduces
the risk of skin disease by 30% and prescription
of a certain drug reduces its chance by 20%. At a
time, a patient can choose any one of the two
options with equal probabilities. It is given that
after picking one of the options, the patient
selected at random has the skin disease. Find the
probability that the patient picked the option of
skin screams and drinking enough water. A) The
patient uses skin creams and drinks enough water =
2, and B) the patient uses the drug = 2. Using the
probabilities known to us, we have: The selected
patient has the skin disease for the case A= 0.4 x (1-
0.3) = 0.28 and for the case B =0.4 x (1-0.2) = 0.32.
Using Bayes Theorem, the probability that the
selected patient uses skin creams and drinks enough
water is (0.28 x 0.5)/(0.28 x 0.5 + 0.32 x 0.5) =
0.14/(0.14 + 0.16) = 0.47. Thus, the probability that
the patient picked the first option is 0.47.

THEORY THAT CANNOT BE APPLIED:
Probability Theorem

: What is the probability of drawing a
queen from a deck of cards? A deck of cards has 4
suits. Each suit consists of 13 cards. Thus, the total
number of possible outcomes = (4) (13) = 52. There
can be 4 queens, one belonging to each suit. Hence,

the number of favorable outcomes = 4. The card

probability = 4/52 = 1/13. The probability of getting

a queen from a deck of cards is 1/13.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Likelihood theorem

&: A man is known to speak the truth

3/4 times. He draws a card and reports it is king.
Find the probability that it is actually a king. The
probability that king is drawn = Y. The probability
that the king is not drawn = %. The probability that
the man says the truth that king is drawn when
actually king is drawn = ¥%.. The probability that the
man lies that king is drawn when actually king is
drawn = Y. By using Bayes Theorem, the
probability that it is actually a king = [1/4 x 3/4] +
[(1/4 x 3/4) + (1/4 x 3/4)] = 3/16 +12/16 = 3/16 x
16/12 =1/2 = 0.5. Thus, the probability that the

drawn card is actually a king = 0.5.

THEORY THAT CANNOT BE APPLIED:
Probability Theorem

: When two dice are rolled what is the
probability of getting a sum of 82 When two dice
are rolled there are 36 possible outcomes. To get the
sum as 8 there are 5 favorable outcomes: [(2, 6), (6,
2), (3, 5), (5, 3), (4, 4)]. Using probability theory
formulas, Probability = Number of favorable
outcomes / total number of possible outcomes. For
this reason, the probability of getting the sum as 8

when two dice are rolled is 5 / 36.
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THE RIGHT ANSWER IS OPTION B. THEORY APPLIED: Likelihood theorem

Example: Amy has two bags. Bag I has 7 red and 4 blue balls and bag II has S red and 9 blue balls. Amy

draws a ball at random and it turns out to be red. Determine the probability that the ball was from the

bag 1. The probability of choosing a bag for drawing a ball is 2. Since there are 7 red balls out of a total of 11

balls in the bag I, therefore, drawing a red ball from the bag I= 7/11. Similarly, drawing a red ball from bag II
= 5/14. Then, we will use Bayes Theorem and we have the following: [((7/11) (1/2))/ (7/11) (1/2) + (5/14)
(1/2)] = 0.64. Hence, the probability that the ball is drawn is from bag I is 0.64.
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Q8 A8

THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Likelihood theorem

[BeI0ils: Amy has two bags. Bag I has 7 red and
4 blue balls and bag II has S red and 9 blue balls.
Amy draws a ball at random and it turns out to
be red. Determine the probability that the ball
was from the bag 1. The probability of choosing a
bag for drawing a ball is ¥. Since there are 7 red
balls out of a total of 11 balls in the bag I, therefore,
drawing a red ball from the bag I= 7/11. Similarly,
drawing a red ball from bag Il = 5/14. Then, we will

use Bayes Theorem and we have the following:

[((7/11) (1/2))/ (7/11) (1/2) + (5/14) (1/2)] = 0.64.

Hence, the probability that the ball is drawn is from
bag 1 is 0.64.

THEORY THAT CANNOT BE APPLIED:
Correlation Coefficient

: Suppose the value of oil prices is directly
related to the prices of airplane tickets, with a
correlation coefficient of +0.95. The relationship
between oil prices and airfares has a very strong
positive correlation since the value is close to +1.
So, if the price of oil decreases, airfares also
decrease, and if the price of oil increases, so do the

prices of airplane tickets.
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THE RIGHT ANSWER IS OPTION B. THEORY
APPLIED: Likelihood theorem

ety Amy has two bags. Bag I has 7 red and
4 blue balls and bag II has S red and 9 blue balls.
Amy draws a ball at random and it turns out to
be red. Determine the probability that the ball
was from the bag 1. The probability of choosing a
bag for drawing a ball is 2. Since there are 7 red

balls out of a total of 11 balls in the bag I, therefore,

drawing a red ball from the bag I= 7/11. Similarly,

drawing a red ball from bag II = 5/14. Then, we will
use Bayes Theorem and we have the following:
[((7/11) (1/2))/ (7/11) (1/2) + (5/14) (1/2)] = 0.64.
Hence, the probability that the ball is drawn is from
bag Iis 0.64.

THEORY THAT CANNOT BE APPLIED:
Probability Theorem

: Suppose the probability of obtaining a
number 4 on rolling a fair dice needs to be
established. The number of favorable outcomes is 1.
The possible outcomes of the dice are {1, 2, 3, 4, 5,
6}. This implies that there are a total of 6 outcomes.
Thus, the probability of obtaining 4 on a dice roll,
using probability theory, can be computed as 1 / 6 =
0.167.
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NINTH QUIZ

Q9 Al

THE RIGHT ANSWER IS OPTION C.

The multiplication rule for independent events (the one event does not affect the existence of the other
event) relates the probabilities of two events to the probability that they both occur. In order to use the rule, we
need to have the probabilities of each of the independent events. Given these events, the multiplication rule
states the probability that both events occur is found by multiplying the probabilities of each event. Regarding

of having boy or

girl is the same at 0.5. Therefore, any sequence of six children is as likely as any other sequence. The

of a having a

having this sequence BG B B B B is 1/2°.
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Q9 A2

THE RIGHT ANSWER IS OPTION C.
The rulefifor

(the one event does not affect the existence of the
other event) relates the probabilities of two events to
the probability that they both occur. In order to use
the rule, we need to have the probabilities of each of
the independent events. Given these events, the
multiplication rule states the probability that both
events occur is found by multiplying the
probabilities of each event. Regarding the order of

births, we consider each birth as an independent
event. The probability of having boy or girl is the
same at 0.5. Therefore, any sequence of six
children is as likely as any other sequence. The
right answer is 72. More specifically, the
probability of having a boy is 1/2. The probability
of a having a girl is 1/2. The probability of having
this sequence G B G B B G is 1/2%, and similarly

the probability of having this sequence BGB B B
B is 1/26.

ON THE CONTRAST, a 1S a statistical test
that is used to compare the means of two groups. It
is often used in hypothesis testing to determine
whether a process or treatment actually has an effect
on the population of interest, or whether two groups
are different from one another. Clearly, we are not

interested in measuring the statistical difference

between the first and the second sequence of births.
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THE RIGHT ANSWER IS OPTION C.
The rulefifor

(the one event does not affect the existence of the
other event) relates the probabilities of two events to
the probability that they both occur. In order to use
the rule, we need to have the probabilities of each of
the independent events. Given these events, the
multiplication rule states the probability that both
events occur is found by multiplying the
probabilities of ecach event. Regarding the order of

births, we consider each birth as an independent
event. The probability of having boy or girl is the
same at 0.5. Therefore, any sequence of six
children is as likely as any other sequence. The
right answer is 72. More specifically, the
probability of having a boy is 1/2. The probability
of a having a girl is 1/2. The probability of having
this sequence G B G B B G is 1/2%, and similarly

the probability of having this sequence BG B B B
B is 1/26.

The multiplication rule is a way to find the
probability of two events happening at the same
time. When we calculate probabilities involving one
event AND another event occurring, we multiply

their probabilities. In some cases, the first event

happening impacts the probability of the second

event. We call these dependent events. We cannot
apply the rule of

in our case because, each birth does not
affect the other. Thus, we consider them as

independent events.
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THE RIGHT ANSWER IS OPTION C. THEORY APPLIED: Multiplication rule for independent events

Example 1: Suppose that we roll a six sided die and then flip a coin. These two events are independent. The
probability of rolling a 1 is 1/6. The probability of a head is 1/2. The probability of rolling a 1 and getting a
head is 1/6 x 1/2 = 1/12. We sce that there are twelve outcomes, all of which are equally likely to occur.
Therefore the probability of 1 and a head is 1/12.

Example 2: Suppose that we draw a card from a standard deck, replace this card, shuffle the deck and
then draw again. We then ask what the probability that both cards are kings is. Since we have drawn
with replacement, these events are independent and the multiplication rule of independent events applies. The
probability of drawing a king for the first card is 1/13. The probability for drawing a king on the second draw
is 1/13. The reason for this is that we are replacing the king that we drew from the first time. Since these
events are independent, we have the product 1/13 x 1/13 = 1/169.

Example 3: Imagine you particularly like wearing tan pants with a blue shirt. However, in the morning,
you’re sleepy and grab your pants and shirt randomly from the closet. The pants are on one side of the
closet while the shirts are on the other. These are independent events because grabbing a pair of pants
doesn’t affect the probabilities for shirts. You have ten pairs of pants and three are tan. Consequently, the
probability of drawing a tan pair is 0.3. You have 16 shirts and four are blue. Hence, the probability of
grabbing a blue shirt is 0.25. These are independent events because selecting a pair of pants doesn’t affect the
likelihood of drawing a blue shirt and vice versa. Using the specific multiplication rule for these independent
events: 0.3 X 0.25 = 0.075.
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Q9 AS

THE RIGHT ANSWER IS OPTION C. THEORY
APPLIED: Multiplication rule for independent

events

Suppose that we roll a six sided die

and then flip a coin. These two events are
independent. The probability of rolling a 1 is 1/6.
The probability of a head is 1/2. The probability of
rolling a 1 and getting a head is 1/6 x 1/2 = 1/12. We
see that there are twelve outcomes, all of which are
equally likely to occur. Therefore the probability of
1 and a head is 1/12.

THEORY THAT CANNOT BE APPLIED: T-test of

statistical measurement

Let’s say you have a cold and you try a
naturopathic remedy. Your cold lasts a couple of
days. The next time you have a cold, you buy an
over-the-counter pharmaceutical and the cold lasts a
week. You survey your friends and they all tell you
that their colds were of a shorter duration (an
average of 3 days) when they took the homeopathic
remedy. What you really want to know is, are these
results repeatable? A t-test can tell you by comparing
the means of the two groups and letting you know

the probability of those results happening by chance.

198



THE RIGHT ANSWER IS OPTION C. THEORY
APPLIED: Multiplication rule for independent

gvents

Suppose that we draw a card from a
standard deck, replace this card, shuffle the deck
and then draw again. We then ask what the
probability that both cards are kings is. Since we
have drawn with replacement, these events are
independent and the multiplication rule applies. The
probability of drawing a king for the first card is
1/13. The probability for drawing a king on the
second draw is 1/13. The reason for this is that we
are replacing the king that we drew from the first
time. Since these events are independent, we use the
multiplication rule to see that the probability of
drawing two kings is given by the following product
1/13 x 1/13 = 1/169.

THEORY THAT CANNOT BE APPLIED: T-test of

statistical measurement

A drug company may want to test a new
cancer drug to find out if it improves life
expectancy. In an experiment, there’s always a
control group (a group who are given a placebo, or
“sugar pill”). The control group may show an

average life expectancy of +5 years, while the group

taking the new drug might have a life expectancy of

+6 years. It would seem that the drug might work.
But it could be due to a fluke. To test this,
researchers would use a Student’s t-test to find out if

the results are repeatable for an entire population.
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THE RIGHT ANSWER IS OPTION C. THEORY
APPLIED: Multiplication rule for independent

events

&f Imagine you particularly like wearing
tan pants with a blue shirt. However, in the
morning, you’re sleepy and grab your pants and
shirt randomly from the closet. The pants are on
one side of the closet while the shirts are on the
other. These are independent events because
grabbing a pair of pants doesn’t affect the
probabilities for shirts. You have ten pairs of pants
and three are tan. Consequently, the probability of
drawing a tan pair is 0.3. You have 16 shirts and four
are blue. Hence, the probability of grabbing a blue
shirt is 0.25. These are independent events because
selecting a pair of pants doesn’t affect the likelihood
of drawing a blue shirt and vice versa. Using the
specific multiplication rule for these independent
events: 0.3 X 0.25 = 0.075.

THEORY THAT CANNOT BE APPLIED: T-test of

statistical measurement

In a school, 100 students in class A
scored an average of 85% with a standard deviation
of 3%. Another 100 students belonging to class B
scored an average of 87% with a standard deviation
of 4%. While the average of class B is better than
that of class A, it may not be correct to jump to the
conclusion that the overall performance of students
in class B is better than that of students in class A.
This is because there is natural variability in the test

scores in both classes, so the difference could be due

to chance alone. A t-test can help to determine

whether one class fared better than the other.
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THE RIGHT ANSWER IS OPTION C. THEORY
APPLIED: Multiplication rule for independent

events

Suppose that we roll a six sided die

and then flip a coin. These two events are
independent. The probability of rolling a 1 is 1/6.
The probability of a head is 1/2. The probability of
rolling a 1 and getting a head is 1/6 x 1/2 = 1/12. We
see that there are twelve outcomes, all of which are
equally likely to occur. Therefore the probability of
1 and a head is 1/12.

THEORY THAT CANNOT BE APPLIED:
Multiplication rule for dependent events

Suppose you are interested in the
probability of drawing hearts on two consecutive
draws. Initially, the deck has 13 hearts out of its 52
cards (13/52 = 0.25). If you draw a heart (event H1),
that changes the probability of drawing another
heart. The dependent probability of drawing that
second heart (event H2) is now 12/51 = 0.235.
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THE RIGHT ANSWER IS OPTION C. THEORY
APPLIED: Multiplication rule for independent

cvents

Suppose that we draw a card from a
standard deck, replace this card, shuffle the deck
and then draw again. We then ask what the
probability that both cards are kings is. Since we
have drawn with replacement, these events are
independent and the multiplication rule applies. The
probability of drawing a king for the first card is
1/13. The probability for drawing a king on the
second draw is 1/13. The reason for this is that we
are replacing the king that we drew from the first
time. Since these events are independent, we use the
multiplication rule to see that the probability of
drawing two kings is given by the following product
1/13 x 1/13 = 1/169.

THEORY THAT CANNOT BE APPLIED:
Multiplication rule for dependent events

Imagine that we’re packing for a
short trip and randomly select two pairs of pants
and two pairs of shirts to include in our suitcase.
We’re hoping for two pairs of tan pants and two
blue shirts. We’ll start by treating this as two sets of
dependent events, one for pants and the other for

shirts. We begin with 10 pairs of pants, three of

which are tan. Consequently, the probability of the

first pair of pants being tan is 0.30. The probability
of the second pair being tan is 2/9 = 0.22. Hence:
0.30 * 0.22 = 0.066.
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THE RIGHT ANSWER IS OPTION C. THEORY
APPLIED: Multiplication rule for independent

events

&% Imagine you particularly like wearing
tan pants with a blue shirt. However, in the
morning, you’re sleepy and grab your pants and
shirt randomly from the closet. The pants are on
one side of the closet while the shirts are on the
other. These are independent events because
grabbing a pair of pants doesn’t affect the
probabilities for shirts. You have ten pairs of pants
and three are tan. Consequently, the probability of
drawing a tan pair is 0.3. You have 16 shirts and four
are blue. Hence, the probability of grabbing a blue
shirt is 0.25. These are independent events because
selecting a pair of pants doesn’t affect the likelihood
of drawing a blue shirt and vice versa. Using the
specific multiplication rule for these independent
events: 0.3 X 0.25 = 0.075.

THEORY THAT CANNOT BE APPLIED:
Multiplication rule for dependent events

Suppose you take out two cards from
a standard pack of cards one after another,
without replacing the first card. What is
probability that the first card is the ace of spades,
and the second card is a heart? The two events are
dependent events because the first card is not
replaced. There is only one ace of spades in a deck

of 52 cards. So: 1/52. If the ace of spaces is drawn

first, then there are 51 cards left in the deck, of

which 13 are hearts: 13/51. So, by the multiplication
rule of probability, we have: 1/52 x 13/51 = 1/204.
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THE RIGHT ANSWER IS OPTION C. THEORY APPLIED: Multiplication rule for independent events

Example: Suppose that we draw a card from a standard deck, replace this card, shuffle the deck and
then draw again. We then ask what the probability that both cards are kings is. Since we have drawn
with replacement, these events are independent and the multiplication rule applies. The probability of drawing

a king for the first card is 1/13. The probability for drawing a king on the second draw is 1/13. The reason for

this is that we are replacing the king that we drew from the first time. Since these events are independent, we

use the multiplication rule to see that the probability of drawing two kings is given by the following product

1/13 x 1/13 = 1/169.

204



Q9 A8

THE RIGHT ANSWER IS OPTION C. THEORY
APPLIED: Multiplication rule for independent

cvents

Suppose that we draw a card from a
standard deck, replace this card, shuffle the deck
and then draw again. We then ask what the
probability that both cards are Kings is. Since we
have drawn with replacement, these events are
independent and the multiplication rule applies. The
probability of drawing a king for the first card is
1/13. The probability for drawing a king on the
second draw is 1/13. The reason for this is that we
are replacing the king that we drew from the first
time. Since these events are independent, we use the
multiplication rule to see that the probability of
drawing two kings is given by the following product
1/13 x 1/13 = 1/169.

THEORY THAT CANNOT BE APPLIED: T-test pf

statistical measurement

Let’s say you have a cold and you try a
naturopathic remedy. Your cold lasts a couple of
days. The next time you have a cold, you buy an
over-the-counter pharmaceutical and the cold lasts a
week. You survey your friends and they all tell you
that their colds were of a shorter duration (an
average of 3 days) when they took the homeopathic
remedy. What you really want to know is, are these
results repeatable? A t-test can tell you by comparing
the means of the two groups and letting you know

the probability of those results happening by chance.
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THE RIGHT ANSWER IS OPTION C. THEORY
APPLIED: Multiplication rule for independent

cvents

Suppose that we draw a card from a
standard deck, replace this card, shuffle the deck
and then draw again. We then ask what the
probability that both cards are kings is. Since we
have drawn with replacement, these events are
independent and the multiplication rule applies. The
probability of drawing a king for the first card is
1/13. The probability for drawing a king on the
second draw is 1/13. The reason for this is that we
are replacing the king that we drew from the first
time. Since these events are independent, we use the
multiplication rule to see that the probability of
drawing two kings is given by the following product
1/13 x 1/13 = 1/169.

THEORY THAT CANNOT BE APPLIED:
Multiplication rule for dependent events
Suppose you take out two cards from a
standard pack of cards one after another, without
replacing the first card. What is probability that
the first card is the ace of spades, and the second

card is a heart? The two events are dependent

events because the first card is not replaced. There is

only one ace of spades in a deck of 52 cards. So:
1/52. If the ace of spaces is drawn first, then there
are 51 cards left in the deck, of which 13 are hearts:
13/51. So, by the multiplication rule of probability,
we have: 1/52 x 13/51 = 1/204.
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